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Abstract 

We construct vortex loop operators in the three-dimensional JV = 6 super- 
symmetric Chern-Simons theory recently constructed by Aharony, Bergman, 
Jafferis and Maldacena. These disorder loop operators are specified by a 
vortex-like singularity for the scalar and gauge fields along a one dimen- 
sional curve in spacetime. We identify the 1/2, 1/3 and 1/6 BPS loop opera- 
tors in the Chern-Simons theory with excitations of M-theory corresponding 
to M2-branes ending along a curve on the boundary of AdS^ x S'^ /Zk. The 
vortex loop operators can also be given a purely geometric description in 
terms of regular "bubbling" solutions of eleven dimensional supergravity 
which are asymptotically AdS^ x S'^/Z^. 
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1 Introduction 



Three dimensional Chern-Simons theory is a topological field theory whose only known 
observables are Wilson loop operators, which are supported on knots and links in the 
three manifold. Chern-Simons theory coupled to matter — which describes a wealth 
of physical phenomena — has a much richer set of observables, that can be used to 
characterize the physical properties of the system. 

In this paper we construct a novel class of operators in Chern-Simons theories 
coupled to matter. We do this in the TV = 6 supersymmetric Chern-Simons theory of 
Aharony, Bergman, Jafferis and Maldacena [1] , yet our construction generalizes to any 
Chern-Simons theory coupled to matter fields, and may find interesting applications 
elsewhere, and serve as order parameters for new phases in three dimensional theories. 

The operators we construct — which we will denote by Vc — are supported on a 
curve C in the three dimensional manifold in which the Chern-Simons-matter theory 
is defined, and are therefore loop operators. Unlike the more familiar Wilson loop 
operators, Vc are disorder loop operators, defined by a path integral with certain 
singularities for the fields of the theory along the loop C. 

These operators are characterized by a vortex-like singularity for the Chern-Simons- 
matter fields near the location of the loop C. Since a vortex in a Chern-Simons-matter 
theory describes a particle with arbitrary statistics, the insertion of a loop operator 
Vc has the effect of creating a probe anyon with a worldline specified by the curve C, 
with which the theory is probed. They can also be viewed as singular limits of solitonic 
vortex solutions that exist in some Chern-Simons theories coupled to matter [21 El S]. 

We present a family of loop operators Vc in the U{N)k x U{N)_k J\f = 6 Chern- 
Simons theory of [1] which preserve 1/2, 1/3 or 1/6 of the twenty- four supercharges 
of the vacuum. All these operators will have singularities for some of the gauge fields 
and some of the scalar fields along the curve C. These operators are labeled by certain 
parameters which specify the possible supersymmetric, codimension two singularities 
allowed in the theory. This data is rather rich, giving a high dimensional moduli space. 
The one-half BPS codimension two singularities we find are reminiscent of the ones 
corresponding to disorder surface operators in A/" = 4 SYM [S] (see also [0]), whose 
data parametrizes the moduli space of solutions of the Hitchin equations in the presence 
of codimension two singularities. 

In the second part of the paper, we provide the explicit bulk description of these 
novel loop operators in A/" = 6 Chern-Simons theory by identifying them with exci- 
tations of M-theory in AdS^ x S'^/Z^, providing strong evidence for the proposal in 
[1] that A/" = 6 Chern-Simons theory is the holographic description of M-theory with 
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AdS^ X S'^ /Zk boundary conditions. 

We identify the loop operators in A/" = 6 Chern-Simons theory with configura- 
tions of M2-branes in AdS4 x S'^ fZ^ ending on the boundary of AdS4 along a curve 
C, the singular locus of the loop operators. For all these solutions we find an explicit 
map between the data characterizing the loop operators in the gauge theory and the 
data characterizing the M2-brane configuration in AdS^ x S'^/Zj^. We further show 
that a class of asymptotically AdS4 x S"^ solutions constructed by Lunin [7] can be 
appropriately orbifolded to yield the backreacted description of our M2-brane config- 
urations. These non-singular asymptotically AdS^ x S'^/Z^ "bubbling" solutions of 
eleven dimensional supergravity provide the purely gravitational description of our 1/2 
loop operators Vc- 

At weak 't Hooft coupling we compute — in the semiclassical approximation — 
the expectation value of a loop operator Vc, the correlator of Vc with a chiral primary 
operator as well as as the correlator of Vc with the stress tensor of A/" = 6 Chern- 
Simons theory. Using the M2-brane description of loop operators, we compute using 
bulk supergravity methods the loop operator expectation value and the correlator of 
a loop operator with a chiral primary operator in the strong coupling regime. The 
remarkable agreement found in the case of A/" = 4 SYM between the semiclassical gauge 
theory computation and the bulk strong coupling computation for the corresponding 
correlators of surface operators [8] does not hold in this case. 

The loop operators constructed in this paper together with the Wilson loop op- 
erators constructed in [9l [IDl [H] (and foretold already in [12]) provide a rich set of 
non-local observables in TV = 6 Chern-Simons theory, which can be used to study the 
phase structure of these Chern-Simons-matter theories. 

The plan of the rest of the paper is as follows. In section [2] we classify and explicitly 
construct 1/2, 1/3 and 1/6 BPS loop operators in A/" = 6 Chern-Simons theory with 
Abelian and non-Abelian gauge groups. These operators are constructed in terms of 
codimension two singularities of the theory on M.^ as well as vacua of the theory on 
AdS2 X S^. We then calculate in the leading semiclassical approximation the expec- 
tation value of Vc and the correlator of Vc with a chiral primary operator and the 
stress tensor. Section 3 contains the bulk gravitational description of the loop oper- 
ators studied in section [2l We identify the M2-brane configuration in AdS^ x S'^/Z^ 
corresponding to Vc as well as the "bubbling" supergravity solution description of Vc- 
We also calculate using our probe M2-brane description the expectation value of Vc as 
well as the correlator of Vc with a chiral primary operator. A discussion and summary 
of our results can be found in section 4. Some technical details and computations are 
relegated to appendices. 
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2 Vortex Loop Operators in Af = 6 Chern-Simons 
Theory 



In this section we construct supersymmetric disorder loop operators in = 6 su- 
persymmetric Chern-Simons theory. These operators are supported on a curve C in 
spacetime, and will be denoted by Vc- Physically, a disorder loop operator Vc inserts 
into the system an external particle, with which the theory can be probed. As we shall 
see, the field configuration near Vc is that of a vortex, and since a particle described 
by a vortex in Chern-Simons theory coupled to matter can acquire any statistics, the 
particle inserted by Vc is an anyon. 

The disorder loop operator Vc in a three dimensional field theory in M.^ is con- 
structed by specifying a singularity for the fields in the theory near the curve C in 
spacetime. The only restriction is that the singular field configuration solves the equa- 
tions of motion of the theory in ]R^'^\C. The problem of constructing disorder loop 
operators gets mapped to the problem of classifying the codimension two singularities 
for the fields in the theorj0 in M^. 

Af = Q supersymmetric Chern-Simons theory has U (N) x U (N) gauge symmetrjj^ 
and the bosonic fields are a pair of gauge fields A and A and four complex scalar fields 

= (C^, C^, C^, C^) transforming in the bifundamental representation of the gauge 
group. The Lagrangian for these fields is given bj{§ 



£ = ^b'-'^Tt U^d^A^ + jA^A^A^ - A,d,A^ - -A^A.A^ 



(2.1) 



where 



D^C' = - lA, & + %&A^ (2.2) 

and Vpot denotes a sextic scalar potential, whose explicit form can be found in [H [T6] . 
The theory depends on the integer /c, which determines the level of the Chern-Simons 
interactions. For /c 3> 1, the theory has a weakly coupled expansion controlled by \jk. 
One can further define an 't Hooft limit, where — )■ oo, /c — >■ oo with A = N jk kept 
fixed. 



^We write even-though the calculation is this section (apart for Subsections 12 . 1 . l1 and 12.1^ is 
done in Lorentzian signature. The M-theory dual in Section [3] is described with Euclidean signature, 
apart for the supersymmetry calculation in Appendix |D] 

^For gauge group SU{2) x SU{2) it is equivalent to Bagger-Lambert-Gustavsson theory [T31 [H] 
where vortex solutions were also recently found [15] . 

•^We have rescaled the matter fields such that k appears as an overall factor in the Lagrangian. 
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The equations of motion for the gauge fields with bosonic sources are 

^e^^'^F^^ = iD^C^C] - iC^D^Cj 

4^ (2.3) 

47r 

where 

F^, = d^A,-d,A^ + i[A^,A,] F^, = d^A,-d,A^ + i[A^,A,]. (2.4) 

Disorder loop operators in this theory are characterized by the allowed codimension 
two singularities for A, A and . 

In this paper we are interested in supersymmetric loop operators, which greatly 
simplifies the analysis. The Chern-Simons theory in [1] is invariant under A/" = 6 
Poincare supersymmetries, which we parametrize by three dimensional spinors e/j = 
— ej/, where /,J = l,---,4. A disorder loop operator is supersymmetric when the 
supersymmetry variation of all the fields vanishes in the background it creates. The 
supersymmetry variation of the bosonic fields is automatically zero, so we need to 
examine the supersymmetry variation of the fermions, which is given by [T71 [T8| [T9] 

Si^i = -reijD^C + 271 (^-euiC^C^C' - C'C^C'') + 2e^iC^C]C7^) . (2.5) 

These equations must be supplemented with the equations of motion for the gauge 
fields f lOll . 

The theory in [1] is also invariant under A/" = 6 conformal supersymmetries, which 
are parametrized by three dimensional spinors rju = —rijj, where /, J = 1, ■ ■ ■ ,4. A 
loop operator invariant under conformal supersymmetries is described by a bosonic 
field configuration with vanishing [19] 

Si^i = -YYx.VijD.C + 2nYx, [-Vij{C''C},C' - C'C^^C") + 2r/^iC^CjC^) 
-mjC . (2.6) 

Altogether, the A/" = 6 Chern-Simons theory in [1] is invariant under the 05*^(614) 
supergroup. We will now construct families of supersymmetric loop operators that are 
invariant under various subgroups of OS'p(6|4). 

2.1 Loop Operators in the U{1) x U{1) Theory 

We start by describing the operator Vq corresponding to inserting a static particle in 
the theory with U{1) x f/(l) gauge group. For a static particle the curve C is a straight 
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line C = M C M^. We choose coordinates {t, z, z) such that the hne is defined by 2; = 
and parametrized by t. The straight hne — together with the circle — are the two 
maximally symmetric curves in M?. They are both invariant under an SU{1, 1) x U{l)i 
subgroup of the three dimensional conformal group 5*0(2,3). 

Once the singularity for the straight line is understood, one can then construct the 
loop operator Vc for an arbitrary curve C C M^, by treating (z, z) as local coordinates 
in the normal bundle of C. For a curve C other than M or S"^, the SU{1^ 1) x U{l)i 
symmetry is broken. 



• 1/2 BPS Loop Operators 

A maximally supersymmetric loop operator in A/" = 6 Chern-Simons theory is obtained 
by allowing a single complex scalar field to acquire a singularity near the curve C. Ex- 
citing multiple scalar fields preserves less supersymmetryj^ Therefore, we first consider 
the following codimension two scalar field singularitjif] 

C^ = f{z,z), (2.7) 

f{z, z) is an arbitrary function that develops a singularity at 2; = 0, the location of the 
operator Vc- The choice of a complex scalar field breaks the SU (4) R-symmetry of the 
theory down to S'f/(3) x U{1)r. 

The operator Vc is supersymmetric if the field configuration produced by Vc gives 
a vanishing supersymmetry variation for the Fermi fields (12. 5p . It is convenient to 
decompose the supersymmetries according to their helicity in the z-plane, so that 
e/j = e\j + e7j, where the helicity components satisfy 

7^e+ = 7Vj = . (2.8) 

Moreover, the spinors satisfy a reality condition, where complex conjugation raises 
their indices. In our basis it also fiips their helicity 

(^?.)* = ^^^^ = (2.9) 

In the Abelian theory only the first term in (12. 5p is non- vanishing. Imposing that Vc 
leaves invariant the three supercharges parametrized by e^j gives rise to the following 
BPS equations 

D-,C^ = Q AC^=0. (2.10) 



''Unless all scalar fields are proportional to each other, in which case they preserve the same 
supersymmetry as the case of a single scalar. 

^We focus on static configurations in this paper and do not consider any possible time dependence 
for the fields. 
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The BPS equations restrict the other three scalar fields C^, and to be (covari- 
antly) constant. 

Due to equation f l2.9p . any solution of these BPS equations is automatically also in- 
variant under three more supersymmetry variations with parameters ^^"^^^^kl, yielding 
a configuration invariant under six real Poincare supercharges. Therefore, solutions to 
(12.1 op preserve one-half of the Poincare supersymmetries. Explicitly, they are invariant 
under the supersymmetry transformations labeled by 

{^12 5 ^13 ' ^14 5 ^23 ' ^24 ' ^34} • (2-11) 

The BPS equations f l2.10p must be supplemented with the equations of motion 
for the gauge fields. In the Abelian theory, the matter fields couple only to a linear 
combination of the gauge fields through 

D^C' = d,C' -iA;C' , (2.12) 

where 

A+ = A + A A- = A-A. (2.13) 

The other gauge field, A"*", appears in the action only in a Chern-Simons term. The 
equations of motion for the gauge fields (12. 3 p are now 



Sir ^ ^ (2.14) 

e^'^^F- = . 



The static solutions of the BPS equations (I2.10p are given by 

C' = fiz) A-=0, (2.15) 

where f{z) is an arbitrary holomorphic function that develops a singularity at z = 0. 
This scalar field singularity (12.150 together with the equation of motion for A~^ (I2.14p 
requires that we turn on an electric field 

F+ = 4nfiz)fiz), (2.16) 

so we may take 

A+ = -4vr|/r. (2.17) 

Note though, that the equations of motion do not restrict the holomorphic component 
of the A'^ gauge field, allowing it to take the general form 

At = g{z), (2.18) 
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where g{z) is an arbitrary holomorphic function that develops a singularity at 2; = and 
the antiholomorphic component is its complex conjugate Af = . Therefore, the most 
general loop operator Vq preserving one-half of the twelve Poincare supersymmetries 
in M = Q Chern-Simons theory is labeled by a pair of holomorphic functions — f{z) 
and g{z) — which are singular at z = 0. 

The straight line is invariant under scale transformations, which raises the possibil- 
ity that the disorder operator Vc be also scale invariant. Using the fact that the scalar 
field and gauge field have scaling dimension 1/2 and 1 respectively, requiring conformal 
invariance fixes the strength of the singularity characterizing Vc f l2.15p . fl2.18p to b^ 



Therefore, this operator is labeled by two parameters (a, /3 is a positive real number, 
as the phase of can be eliminated by a f/(l) gauge transformation. Likewise, the 
imaginary part of a, which corresponds to a radial gauge field, can be removed, so a 
is also real, and gives the holonomy around the vortex. Since the theory is invariant 
under large gauge transformations, a is an angular variable. The allowed large gauge 
transformations depend on the level fc, so that with the factor of 2k in the denominator 
of fl2.19p . a has unit period pQ. 

We note from ( 12.19^ that the scalar field is not single-valued, as it changes 
sign upon encircling Vc- Such discontinuities may seem puzzling at first, but they are 
rather ubiquitous in theories with disorder operators, such as the discontinuity induced 
on a scalar field by a Z2 twist field in two dimensional conformal field theory. This 
discontinuity is consistent as long as the correlation functions of physical operators are 
well defined. As we shall explain more fully in Section \2A\ this discontinuity does not 
lead to any pathologies for even k. The situation for odd k is more complicated, as 
in this case there are gauge invariant operators in A/" = 6 Chern-Simons theory that 
are not single valued when encircling Vc-, which would lead one to conclude that the 
vortex loop operators are unphysical for odd k. As we explain in Section 12. 2[ in the 
non-Abelian theory it is possible to have vortices also for odd k. 

With the specific form of the singularity (12.191) . the bosonic symmetry preserved 
by Vc is 5'f/(l, 1) x U{l)ci x ^[/(S), where U{l)d is a diagonal combination of a space- 
time and i?-symmetry7| Furthermore, invariance under supersymmetry and conformal 
symmetry implies that the operators Vc preserve one-half of the twelve conformal 
supersymmetries of the theory. Therefore the singularity fl2.19p is invariant under the 



Hi also imposes = = = 0. 

^It is the diagonal sum of U{\)i C 50(2, 3) and U{1)r C SU{A). 
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six superconformal transformations with parameters 

{^1^2 , ^^3 . Vm , V23 . V24 , Vu] ■ (2-20) 

This is verified directly in Appendix |X] using the conformal supersymmetry transfor- 
mations (12. 6p . 

Thus, we have constructed 1/2 BPS loop operators Vc for the theory with gauge 
group U{1) X f/(l). They are described by the singularity (12.191) . and are invariant 
under an SU{1, 1|3) subgroup of the OSp{6\4:) symmetry of the theory. The 1/2 BPS 
loop operators Vc are labeled by two real parameters (a, 



• 1/3 BPS Loop Operators 

Other interesting operators Vc preserving less than one-half of the Poincare supersym- 
metries can be constructed by exciting more than a single scalar field. 

Imposing that the operator Vc leaves invariant the two supersymmetry transfoma- 
tions with parameters and ef^^ gives rise to the following BPS equation^ 

D,C^ = D,C^ = DtC^ = DtC^ = . (2.21) 

Due to equation (12. 9p . any solution of the BPS equations is automatically also invariant 
under two more supersymmetry transformations labeled by €33 and e^4, yielding a 
configuration invariant under four real Poincare supercharges. Therefore, solutions 
to (I2.2ip preserve one-third of the Poincare supersymmetries. Explicitly, they are 
parametrized by 

{e+3,e+ ,€2-3,62-4}. (2.22) 
As before, we should also solve the equations of motion for the gauge fields (12. Sp . 
The static solutions of the BPS equations (I2.2ip are given by 

C' = Mz) C^ = f2{z) At = g{z) A- = 0, (2.23) 

where fi{z) and g{z) are arbitrary holomorphic functions and f2{z) is an antiholomor- 
phic function all of which have singularities at z = 0. An electric field for must 
also be turned on, which can be represented by the gauge potential 

At = -An {\h\' - . (2.24) 

^The supersymmetry conditions allow the scalars and to be arbitrary constants, but we will 
set them to zero, which is also the only conformally invariant constant. 
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If we further demand that the singularity produced by Vc is scale invariant, then 
the form of the singularity is fixed to be 



C 



1 



,2_ /32 




2kz ■ 



a 



(2.25) 



Only the relative phase of the two complex parameters (3i and is physical, as a U{1) 
gauge transformation leads to the identification (32) — e*^(/3i, (32). Therefore, these 
operators are labeled by {a, (3i, /32)/U{l), where the U{1) acts by shifting the phase of 
P2 and leaves a invariant. 

The bosonic symmetry preserved by these operators is SU{1, 1) x SU{2) x f/(l)^/, 
where U{l)d' is a diagonal combination of a space-time and i?-symmetryjj The singu- 
larity f l2.25p preserves one-third of the conformal supersymmetries. From equation (12. 6p 
it follows that the singularity (I2.25P is invariant under the four conformal supercharges 
labeled by 



Thus, we have constructed 1/3 BPS loop operators Vc, described by the singularity 
(I2.25p . which are invariant under an SU{1, 1|2) subgroup of the 05*^(614) symmetry of 
the theory. The 1/3 BPS loop operators Vc when the gauge group is U{1) x f/(l) are 
labeled by (a, /32)/f/(l). 

Our discussion throughout this paper is for the theory with general fc, but we 
would like to point out that for k = 1,2 the theory is expected to have enhanced 
supersymmetry — A/" = 8 — with a total of thirty-two real supercharges instead of 
twenty-four [1]. The 1/2 BPS vortex loop operators remain 1/2 BPS also for k = 1 and 
2, preserving sixteen of the thirty-two supercharges {i.e. four out of the eight extra 
supercharges). In the Abelian theory, we expect the 1/3 BPS vortex loop operators, 
which preserve eight supercharges, to be invariant under all the extra eight supercharges 
that exist for k = 1,2, and to become 1/2 BPS. This can be motivated by the fact 
that with A/" = 8 supersymmetry the holomorphic and anti-holomorphic fields and 
Cj are in the same multiplet of the 5*0(8) R-symmetry group. The 1/3 BPS scale 
invariant loop operator (I2.25P is such that the anti-holomorphic field 



With the extra R-symmetry generators the field can be rotated then into and 
we end up with the same configuration as the 1/2 BPS operator. 

^It is the diagonal sum of U{l)i C 5*0(2,3) and a U{1)b' C SU{A) under which and have 
charges (+1,-1) respectively. 



{Vvi ! Vi4 ! ''723 ' ''724} • 



(2.26) 




oc 



(2.27) 
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As we point out below, in the non-Abelian theory there will be cases when the 1/3 
BPS vortex loop operators will have enhanced supersymmetry for k = 1,2 (when all 
the vortices are proportional to each-other), and other cases when they do not and 
they preserve only eight supercharges, which is 1/4 of the total thirty-two. 



• 1/6 BPS Loop Operators 

Imposing that the operator Vc leaves invariant only one of the chiral Poincare su- 
persymmetry transformations — that with label (and by equation ( 12 .Op also the 
anti-chiral one €34) gives rise to the following BPS equations 

D,C^ = D-,C^ = D,C'^ = D,C^ = , DtC^ = DtC^ = DtC'^ = DtC^ = . (2.28) 

The static solutions of these equations are characterized by three holomorphic func- 
tions fi{z), f2{z), g{z) and two antiholomorphic ones fz{z), fi{z) all with singularities 
at z = 

C^ = h{z) C^ = f2{z) C' = fs{z) C' = U{z) At = g{z) A" = . 

(2.29) 

Moreover, by the equation of motion for the gauge fields (12. 3p . an electric field for 
must be turned on 

At = -An (IM^ + - I/3P - I/4P) . (2.30) 

If we further demand that the singularity produced by Vc is scale invariant, which 
means it will also preserve the superconformal transformations labeled by 77^ and 77^, 
then the form of the singularity is fixed to be 

C' = ^ C' = ^ C' = ^ C' = ^ At = -i^. (2.31) 



The bosonic symmetries preserved by the 1/6 BPS operators are «S'f/(l,l) x f/(l) 



where ViX)^ is a diagonal combination of a space-time and i?-symmetryl 

In the Abelian theory, however, the singularity given by ( I2.3ip has enhanced sym- 
metry, as and are proportional to each-other, as are and . Therefore ( I2.3ip 
can be transformed into ( I2.25P by an 5'f/(4) transformation and is thus 1/3 BPS. But 
as we shall see in the analysis for the U (N) x U (N) theory, in that case it is possible to 
take C^c^ C"^ and (7^9^ and the operators are genuinely 1/6 BPS, and are invariant 
under an SU{1, 1|1) subgroup of the OSp{'o\4) symmetry of the theory. 



-^"It is the diagonal sum of ^7(1); C 50(2,3) and a C^(l)^ C SU{4) under which have charges 
(1,1,-1,-1). 
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2.1.1 Circular Loop Operators 



The codimension two singularities we have found as solutions to the BPS equations for 
the case when the loop operator Vc is supported on a line C = M C can be used to 
construct supersymmetric loop operators Vc supported on an arbitrary curve C C M^. 
Such a loop operator will be described locally by singularities similar to those we have 
found for the straight line, but where now the coordinates {z, z) are interpreted as local 
coordinates on the normal bundle of C. In this paper we focus on supersymmetric loop 
operators preserving some conformal symmetries. 

The only curves in M^, other than straight lines, invariant under conformal transfor- 
mations are circles. Therefore there exist supersymmetric loop operators Vc supported 
on a circle C = S*^ C which preserve the same superalgebra as the loop operator Vc 
supported on a line C = M C M'^. Since an is related by a global conformal trans- 
formation to the line M, the two curves are SU{1, 1) x U{1) invariant. The operator 
Vc for C = also preserves the same number of supercharges as the corresponding 
operator for the straight line, but in the case of the circle, it is not invariant separately 
under the Poincare and conformal supercharges, rather under linear combinations of 
the two. 

To construct V^i explicitly, we consider an C M'^ of radius a located at t = 
0, |2;p = in the coordinate system 

ds^ = dt^ + dr^ + dip^ , (2.32) 

then the singularities produced for the scale invariant 1/2, 1/3 and 1/6 BPS circular 
loop operators can be obtained from the singularities of the corresponding BPS line 
operators fl2.19p . f l2.25p . fl2.3ip by making the following replacement 

z fe'^ z fe-'^, (2.33) 

where 

= + - "7 + (2.34) 

is the conformal invariant distance from the circle and is the angular coordinate 
defined by 

sin0 = -. (2.35) 
r 



^^This is most easily derived by a Weyl transformation from to AdS2 x S^, which we discuss 
below, see (|2.44p . 
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2.1.2 Loop Operators as Vacua of = 6 Chern-Simons Theory on AdS2 x 

An alternative way to study loop operators Vc for C = M and C = is to study 
the gauge theory on AdS2 x 5*^ instead of M^. The analysis in 74^5*2 x 5*^ has the 
advantage that the symmetries of the scale invariant operators are realized as isometries 
of AdS2 X S^, and not as conformal symmetries. When the gauge theory is studied in 
AdS2 X S^, the symmetries of Vc are made manifest. 

The only modification to the bosonic Lagrangian of the theory (12.11) beyond replac- 
ing the fiat metric by the AdS2 x S*^ metric is the addition of a conformal coupling for 
the scalars 

r(3) 

/:conf=-A;^TrC|C^ (2.36) 

o 

where R^^^ is the scalar curvature of the background metric, which for unit-radius 
AdS2 X is = _2. 

In this formulation, loop operators Vq are given by SU{1, 1) invariant vacua of the 
theory. The equation that needs to be solved for each scalar i: 
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D^C't'^C' = =^ C^ = /3,e±t^ (2.37) 

where is the coordinate parametrizing the in AdS2 x and /3/ are constants. The 
choice of sign in the phase is related to the choice of a holomorphic or antiholomorphic 
field in M^. Similarly to the analysis in M^, the equation of motion for the gauge field 
forces that we turn on an electric field proportional to the volume form of AdS2 

F+ oc nAds, . (2.38) 

As in the fiat-space formulation, the equations of motion allow us to turn on an extra 
gauge field 

A; = ^. (2.39) 

In the AdS2 x formulation, the operator Vc is supported at the conformal bound- 
ary of AdS2 X S^. For the case of C = M we must consider AdS2 in Poincare coordinates 
while for C = S*^ we must consider AdS2 in global coordinates. In this language, loop 
operators Vc are determined by smooth boundary conditions at asymptotic infinity of 
AdS2 X 5*^ instead of as singularities in the interior of M^. 



^^Note that there is an alternative formulation of these solutions (also in the flat-space description), 
where the phase of is absorbed by a singular gauge transformation with A'^ = ±i. After this 
transformation the scalar fields are single- valued, but there is a non-integer holonomy around the </> 
circle. 
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To see the relation to the vortex loop operators on we write the metric on 
as a Weyl transformation of the metric on AdS2 x 



ds^3=u ds^as2xs^- (2-40) 

The conformal factor in the transformation between the two metrics, u, will give the 
scalars and the gauge field in the requisite singularity 

^7 1 \AdS2xS^ A±\ _ A±\ (0 A-W 

^ |r3 = 1= A \m.3 — A |Ad52x5i ; 



as has Weyl weight one-half and (in form notation) has weight zero. 
In the case of the line in M"^, it is located at r = in the coordinate system 

'dt^ + dr^ 



dr + dr'' + r'^dS'' = r 



+ 



(2.42) 



where [■ ■ ■] is the AdS2 x metric in Poincare coordinates and uj = r. Combining 
this Weyl factor and the AdS2 x vacuum configuration fl2.37p . we identify z = re^'^ 
and recover the singularities produced by Vc in for C = M (I2.19p . 

The circle in is located at r = a and t = in 

c?sm3 = dt"^ + dr^ + r^dip^ = [dp'^ + sinh^ p dtp^ + dcj)"^] (2.43) 
where [■ ■ ■ ] is the AdS2 x metric in global coordinates and u = r, where 



f2 



(r^ + ^2 _ ^2)2 + 4a2^2 ^2 



4a2 (cosh p — cos 0)2 (2.44) 

r = r sinh p t = r sin (p . 

Combining this Weyl factor and the AdS2 x vacuum configuration fl2.37p . we get 
the singularities produced by Vc in for C = (12.331) . 

The AdS2 x formulation of Vc makes manifest that the singularities we con- 
structed in R'^ are SU{1, 1) invariant, since in this formulation the scalar fields have 
no dependence on the AdS2 coordinates and the required electric field is proportional 
to the AdS2 volume form. 

The 74^5*2 X S*^ formulation of Vc is also useful in finding the bulk, holographic 
description of these operators in AdSi x S^/Zfc. In Section [3] we choose to work in a 
coordinate system where the 74^5*4 metric is foliated by AdS2 x slices, and in this 
foliation the boundary JV = 6 Chern-Simons theory is defined on AdS2 x 5*^. 
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2.2 Loop Operators in the U{N) x U{N) Theory 



We now extend the construction of supersymmetric loop operators Vc to the non- 
Abehan theory. For simphcity, we will focus on the operators that are scale invariant, 
that is operators defined by a scale invariant codimension two singularity. Moreover, we 
will write explicitly the singularity for the case when C = M. One can then construct 
the singularity when C = S*^ by using the transformation f l2.33p . The corresponding 
description of the loop operators when the theory is on AdS2 x proceeds in exactly 
in the same manner as in Section 12.1.21 

The loop operator Vc in the U{N) x U{N) theory will have a specified singularity 
for one or more of the scalar fields along the curve C. This singularity will in general 
break the U (N) x U (N) gauge symmetry in the vicinity of the loop operator Vc to the 
subgroup 

L = U{No) X U{No) X U{Ni) x ■ ■ ■ x U{Nm) , (2.45) 

where Ylf-Lo ~ Therefore, the first piece of data that must be specified is a 
collection of integers {Nq, ■ ■ ■ , Nm) that form a partition of A^. Note that for the first 
number — Nq — there are two factors of U{No), while for all the others just one. The 
reason is that in this first block none of the scalar fields will get a VEV and the gauge 
symmetry is not broken to the diagonal subgroup. 

The precise definition of the loop operator Vc is as follows. First we specify the 
unbroken gauge symmetry as in f l2.45p and an L-invariant singularity produced by Vc, 
on which we elaborate below. Then the operator Vc is defined by the path integral 
over all smooth field configurations with the same L-invariant singularity near C. In 
performing the path integral, one must mod out by the gauge transformations that 
take values in L C U{N) x U (N) when restricted to C. 

We now consider the various BPS loop operators in the U (N) x U{N) theory. 
• 1/2 BPS Loop Operators 

In the non-Abelian theory, the BPS equations describing a 1/2 BPS loop operator Vc 
preserving the supercharges parameterized by (12. lip are still given by 

D,C^ = DtC^ = , (2.46) 

where now 

DC^ = dC^ - i{AC^ - C^A) , (2.47) 

and C^, and C"^ are constants. These equations must be supplemented with the 
equations of motion for the gauge fields ( 12. 3p . 
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Any static solution of this equation can be diagonalized by a U{N) x U{N) trans- 
formation. Focusing on the conformally invariant solutions, C"^ = = = and 
the singularity of the complex scalar field is then given by 



' z 



/3(^)®livi 








V 







(2.48) 



The scalar field acquires a U {NqY x U (Ni) x ■ ■ ■ xU (Nm) invariant singularity, labeled 
by M real positive parameters {/3^^\ ■ ■ ■ , /3^^'^^), where we have removed the phases of 
all the Z?^'-* by perfoming a U{1)^^ gauge transformation. 

As in the f/(l) x U{1) theory, we consider solutions to the BPS equations where 



A = A. 



(2.49) 



We can therefore identify the gauge indices of the two gauge groups and define again 
A+ = A + A (and A' =0). The first BPS equation, together with fl2^ implies that 



[C, At] = 0. 



(2.50) 



Therefore, A'^ is given by an arbitrary diagonal matrix. For a UINqY x U{Ni) x 
■■■U{Nm) invariant singularity, the diagonal gauge field produced by Vc takes the 
following form 



A'. 



2kz 



V 
















(2.51) 



The parameters ai are defined with unit period. The equation of motion for the gauge 
fields requires that we turn on an electric field for the A'^ gauge field, which in complete 
analogy with the Abelian case can be represented by the vector potential 



At = -4ttC^ C\ 



(2.52) 



In summary, a 1/2 BPS loop operator Vc with L = U{Nof x U{Ni) x ■ ■ ■U{Nm) 
is labeled by 2M parameters (a*^'\ /3^'^), where / = 1, ■ ■ ■ , M. 
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1/3 BPS Loop Operators 



In the non-Abelian theory, the BPS equations describing the 1/3 BPS loop operators 
Vc preserving the supercharges parametrized by fl2.22p are given by 

DsC^ = D,C^ = 0, DtC^ = DtC^ = 0, C^ClC^ = C^ClC^ , C'^C\Ci = CiClC^ 

(2.53) 

with constant and C^. In addition we have to impose the equations of motion for 
the gauge fields fl2.3p . 

As in the 1/2 BPS case, taking the conformally invariant case, = = and 
we can diagonalize by a U{N) x U{N) transformation 



/O ® Ino 




V 
















(2.54) 



The last two equations in (12.531) further imply that the matrix can be simultaneously 
diagonalized so the second scalar field develops the following singularity 



/O ® Itvo 



/S^ 



ltvi ■ ■ ■ 








V 







(2.55) 



The singularities arising from the scalars are labeled by 2M complex parameters 



{pf\/3i^^) subject to the relation (/3}'^/3^'0 - e*^' (/3i'^ for / = 1,---M, thus re- 
sulting in 3M real parameters. 

The singularity for the gauge field is unmodified from the 1/2 BPS case and is given 
by (I2.5ip . As in the Abelian case an electric field for must also be turned on and 
is completely determined by and 



3(0 oil) 



(0 o{l)^ 



At = -Air (^C^ C\ - C|) . 



(2.56) 



We mentioned for the theory with t/(l) x f/(l) gauge symmetry that in the case 
of A; = 1,2, where the theory is expected to have enhanced A/" = 8 supersymmetry, 
the supersymmetry of the 1/3 BPS vortex is enlarged by eight more supercharges to 
a total of sixteen, so it becomes 1/2 BPS. Does the same happen for the non-Abelian 
vortex? 

The argument from the x IJ{\) theory can be carried over to our discussion 

here, only that while there equation (12.271) was automatically satisfied, now it will have 
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to be imposed as an extra constraint. Therefore the 1/3 BPS vortex will have enhanced 
supersymmetry for /c = 1, 2 if and only if the parameters and /Jg'^ are such that the 
matrices and C| are proportional to each-other. 

In summary, a 1/3 BPS loop operator Vc with L = f/(iVo)^ x U{Ni) x ■ ■ ■ U{Nm) is 
labeled by 4M real parameters {a^^\ pf\ l3f^)/U{lY\ where / = 1, ■ ■ ■ , M. The ones 
that are 1/2 BPS for k = 1,2 are labeled by 2M + 2 real parameters, {a^^\ l/^f'*!) and 
the constant ratio between and Cg. 



• 1/6 BPS Loop Operators 

In the non-Abelian theory, the BPS equations describing the 1/6 BPS loop operators 
Vc invariant under the supersymmetry transformations with parameters e^2 e^4 
are given by 



D,C^ = D,C^ = D,C'^ = D,C^ = , DtC^ = DtC^ = DtC'^ = DtC^ = . (2.57) 

The scalars fields must also satisfy certain matrix constraints analogous to those in 
f l2.53p . which are solved when all four matrices are diagonal. These equations must be 
supplemented with the equations of motion for the gauge fields fl2.3l) . 

The solutions to (12.571) preserving conformal invariance are of the form (12.541) for 
the scalars and and (12.551) for and C^. Taking the indices (/, /) to label 
C^, and C^, respectively, the singularities induced on the scalar fields by the 1/6 
BPS loop operators Vc are given by 









® In, 








(2.5^ 



and 



/O® 1 



No 



(1) 








V 











(M) 



(2.59) 
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The singularities arising from the scalars are labeled by AM complex parameters (3\ 
subject to the relation {[i^P] 
in 7M real parameters. 



(0 



e*^' (/^P) for / = 1, ■ ■ ■ M and / = 1, . . . , 4, thus resuhing 
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As in the 1/3 BPS case, the singularity for the gauge field is unmodified from the 
1/2 BPS case and is given by fl2.5ip . An electric field for A'^ must also be excited 



At = -in (C^ cl + cl - C'^ cl - C^ C]) . (2.60) 

In summary, a 1/6 BPS loop operator Vc with L = U{Nq)'^ x U{Ni) x ■ ■ - U^Nm) 
is labeled by 8M parameters {a^''\ Pa \ p'^)) /U{1)^ , where / = 1, ■ ■ ■ , M. Some degen- 
erate cases will preserve more than four supercharges (for example when M = 1), or 
have enhanced supersymmetry when k = 1,2. 



• Vortices at odd level k 



As mentioned above, in the case of the theory with f/(l) x f/(l) gauge symmetry, the 
vortices are a good gauge theory background only for the theory with even level k. For 
odd level there are gauge-invariant local observables which are not single-valued when 
encircling these vortices. The same is true for the construction we presented here in 
the non-Abelian theory. We would like to comment here about a modification of this 
construction which applies also for odd k, inspired by a similar construction for surface 
operators in A/" = 4 SYM in four dimensions of Koh and Yamaguchi [20] . 

For this modification one needs to take all the integers Ni with 1 < I < M to be 
even and then break every Ni x Ni block in two. The singularity of the scalar field 
f l2.48p is then modified such that half of the eigenvalues in each block have the opposite 
sign 



/o^Itvo 

\ ^ 





V 








-13m ) ® ^^^'/^ 



(2.61; 



which can also be written as 



/O® 1 



No 








(T3 ® 1n,/2 ■ ■ ■ 



(2.62) 



with as a Pauli matrix. 
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So far it seems like a vortex with gauge symmetry broken to L = U{No)'^ x 
U{Ni/2Y X ■ ■ ■'[/{Nm/^Y, but the novel feature proposed in [20] is to add a non- 
trivial gauge twist around the vortex, which breaks the symmetry to L = [/(A'q)^ x 
U{Ni/2) X ■ ■ ■ U{Nm/2). Instead of (ESU) we take the holonomy to be 



exp i (p Al dz 



e^™'"/fccTi®ljv,/2 ■■■ 








\ 



V 







(2.63) 



Then, when going around the vortex, the Pauli matrices ai permute the pairs of eigen- 
values in fl2.62p . so as opposed to the general case fl2.48p . this construction is in fact 
single-valued around the vortex. Such configurations are perfectly good backgrounds 
for the gauge theory also for odd k, even in the presence of operators of the form C''. 

To summarize, for odd k the general 1/2 BPS vortex loop operators has unbroken 
gauge symmetry L = U{No)^ x U{Ni/2) x ■ ■ ■ U{Nm/2) and is labeled by 2M parame- 
ters (a'-'-', /3^'^), where / = !,... , M. Similar constructions apply also for 1/3 BPS and 
1/6 BPS vortex loops. 



2.3 Vacuum Expectation Value 

Conformal invariance implies that the one point function of a local operator must 
vanish. This need not be the case for non-local operators, and the expectation value 
of non-local operators have played an important role as order parameters of phases of 
gauge theories. 

Our first task will be to compute, in the semiclassical approximation, the expec- 
tation value of the BPS disorder loop operators that we have constructed. This is 
achieved by evaluating the classical Euclidean action of A/" = 6 Chern-Simons theory 
on the field configuration produced by the operator Vc 

{Vc) = exp (-^ciass.) . (2.64) 



This computation is easily performed by considering the description of a loop oper- 
ator as a vacuum state of the theory on AdS2 x 5*^. The relevant part of the Euclidean 
Lagrangian is 

C = kTT (^D^CjD^'C^ + ^C}C^^ , (2.65) 

where as mentioned earlier R^^^ = —2 for AdS2 x S^. We have not included the Chern- 
Simons terms for the gauge fields as they trivially vanish when evaluated on the gauge 
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field configuration excited by Vc- Since = CqC^^'^, where Cq is a constant diagonal 
matrix made of the parameters /J^, we have that \DC^\'^ = \dC^\'^ = ||C^p, which 
cancels the conformal coupling of the scalars. Therefore the on-shell action vanishes 
and 

{Vc) = 1 (2.66) 

in the semiclassical approximation. We note that (V^) = 1 both for C = M and C = 
as the vanishing of the on-shell action holds for both Poincare and global AdS2- 

The same conclusion can be reached by evaluating the on-shell action for the singu- 
larity produced by Vc in R^. Care must be taken, however, to ensure that the action 
has a well defined variational principle and that the boundary action vanishes when 
evaluated on the singularity!^ This requires adding a boundary term to the action in 
fl2.ip . whose net effect is to cancel the bulk term when evaluated on-shell. 



2.4 Correlator with Local Operators 

In this section we calculate various correlators involving the BPS loop operators we 
found in the previous section. We calculate the correlator of a BPS loop operator with 
chiral primary operators and the stress tensor in = 6 Chern-Simons theory. See 
[8] for a closely related discussion in the context of disorder surface operators in four 
dimensional Af = A SYM. 

In the semiclassical approximation, the correlation function of a loop operator Vc 
and a local operator O in Af = 6 Chern-Simons theory in M.^ is found by evaluating 
the operator O in the background field that the loop operator produces 

^ = 0|ioop. (2.67) 

Conformal Ward identities constrain the form of the correlator of Vc with a local 
operator O. When C = M the dependence of the correlator with a dimension A scalar 
operator on the distance r is given by 

{yc ■ o) _ CO 

The correlator is captured by the coefficient co, which depends on the charges of the 
operator, the 't Hooft coupling A and A^. When C = the correlator is given by 

{Vc) 
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See [H] for the corresponding analysis of the on-shell action for surface operators in A/" = 4 SYM. 
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where f is defined in fl2.34p . In the calculation below we determine the value of cq in 
the semiclassical approximation. 

We now proceed to compute — in the semiclassical approximation — the correlator 
between a 1/2 BPS loop operator Vc and the simplest chiral primary operators m. M = 
6 Chern-Simons theory. The operators we consider here, (9^ of conformal dimension 
A, transform in the [A, 0, A] representation of the SUi^A) R-symmetry group [T]0 The 
expression for the unit normalized chiral primary operators in the planar approximation 
is given by 

Oi = ^^C^K-t Tr {C''C\^ ■ ■ ■ C^^Cl) , (2.70) 

where C^^^j^', ', ',j^ is a totally symmetric tensor in Ji ■ ■ ■ /a and Ji ■ ■ ■ Ja which vanishes 
when the trace is taken between any / and J index. The tensor C**-^^ is normalized 
by 

C^^^t-iA^^^^Ji'X = ■ (2-71) 
This guarantees that the operator O, is unit normalized aJ^ 

{Oix)d{y)) = ^^^. (2.72) 
\x — 2/1"^^ 

Since the 1/2 BPS loop operators Vc are SU{3) invariant, the chiral primary op- 
erators that have a non- vanishing correlator with Vc are the SU{3) invariant ones. 
In the decomposition of the [A,0,A] representation of SU{4) under the maximal 
SU{3) X U{1)r subgroup, there is a unique operator for each A which is an SU{3) 
singlet and which has a non-trivial correlator with Vc- We label this operator Oa.oHj 
For a detailed discussion see Appendix |Bl 

The SU (3) invariant chiral primary operators in f l2.70p are related to the spherical 
harmonics on 5^ by flR2l) . f lRTill 



C^t-i>'' ■ ■ ■ ^'^^J. ■■■^J^ = T^flyt Pa"\^osA) , (2.73) 



where Pn"'^^ is a Jacobi polynomial and are coordinates in defined in (13.61) . 
which get identified with the fields . The argument of the polynomial is given by 
cos?9i = l-2|wH2. 



^^These operators carry zero U{1)b "baryonic" charge and have an equal number of C and fields. 
We comment below on the more general operators. 

^■^Thc propagator for the scalar fields is given by (C^~.{x)Cjj{y)) = iTfc \x-y\ ^J^j^- 
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The subscript is used to indicate that these operators have vanishing "baryonic" charge. 
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The explicit form of the low dimension operators are given by flB.17p 
27r 



,2 



1 fiTT"' r 

03,0 = Z- Tr - lS{C'C\f {C^Cl) + 63(C^C}) {C^Clf - hQ{C^Clf 

vl05A^ L 

(2.74) 

Note that all products of fields should be symmetrized and the index / is summed from 
1 to 4. 

Evaluating semiclassically the expectation value of these local operators in the 1/2 
BPS vortex loop operator background amounts to inserting fl2.48p in the expression 
for the chiral primary operator. Since on-shell = C"^ = = 0, the operator 
is proportional to [C^C\)^. Then we plug into the spherical harmonic 'di = n {i.e. 

= 1) which gives 

(,75) 

From this we find that the correlator between a unit normalized chiral primary operator 
and a 1/2 BPS vortex loop operator is given by 

(Vc) l^r \^) V2A(2A + 2)!^ ' ^ ' 

This far we have focused on the chiral primary operators with equal number of C 
and fields. There are other chiral primary operators in the theory that are S'?7(3) 
invariant and which carry U{1)b "baryonic" charge, measuring the difference in the 
number of C and fields. Gauge invariance in A/" = 6 Chern-Simons theory at level 
k restricts the charge of these operators to be p/c, where p is an integer. The chiral 
primary operators of this type transform in the [A ± ^jO, A =]= ^] representation of 
SU{A) (where A > \pk/2\). The simplest ones — those with A = \pk/2\ — can be 
schematically written (taking p > 0) as 

. - ^2^c'r , c?^,-, - ^,{c\r . (2.77) 

Gauge invariance requires that ±p units of flux are threaded through the S"^ surround- 
ing the point where the operator is inserted [1]. As before, the correlator of such a 
chiral primary operator with a vortex loop operator Vc can be computed by inserting 
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the field produced by Vc in (12 ■771) . Tliis yieldiEl 

As mentioned in Section [2?T| some of the scalar fields are not single- valued when 
taken around a loop operator Vc- Such discontinuities in the fields of the Lagrangian 
are not problematic as long as all the gauge invariant operators of the theory are single 
valued when encircling Vc- The chiral primary operators with p = (12.701) are indeed 
single valued around Vc- On the other hand, it follows from (I2.78P that chiral primary 
operators with non-vanishing "baryonic" charge (I2.77P pick up the phase 

[-\Y^ (2.79) 

upon encircling Vc- For even level fc, the operators are single valued, and therefore 
loop operators are physical. For odd /c, however, this simplistic analysis suggests that 
operators with odd "p change sign. This implies that the generic vortex loop operators 
are unphysical for odd /c, as they do not give rise to a consistent operator algebra. 
An exception is the construction at the end of Section 12. 2^ where all the integers A^; 
with / = 1, ■ ■ - M parametrizing the unbroken gauge group (12.451) are even. Then the 
construction in (I2.62p and (I2.63P interchanges the the eigenvalues zt/?*^'^ upon encircling 
the vortex, which compensates for the phase (I2.79p . In Section [3^ we will find a bulk 
counterpart of this statement, where the candidate M2-brane describing a vortex loop 
operator exists for odd k only when all the integers A"; are even. 



• Scaling Weight 

The stress tensor in a CFT plays an important role as it generates conformal transfor- 
mations. For non-local operators, one may define the analog of the familiar conformal 
weight of a local operator from the correlator of the non-local operator with the stress 
tensor (see e.g [211 El 122] )• The form of the correlator of Vc with the stress tensor T^y 
when C = M is given by 

■ Vc) h {Tij ■ Vc) h 
(y^) = (Vb) ^ ^ ^ ' ' ~ ''^ ' {To.-Vc) = 0. (2.80) 

Here x'^ = (x°,x*), where is the coordinate along C = M and n* = xYr is the unit 
normal vector to the straight line. The correlator is completely determined up to the 



^^Though it is natural to guess that they wiU scale like (/S'^'))^'^, the incomplete understanding 
of these operators prevents us from determining the proper normalization as well as the detailed 
dependence on /J*^'' . 
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function h — the scaling weight — which generahzes the notion of conformal dimension 
of local operators to non-local operators. 

The bosonic contribution to the stress tensor of A/" = 6 Chern-Simons theory is 
given by 

+ -{g,,D' - D^D,)C\C' - ^g^A^ - g,.V,,t) , (2.81) 

where i?^"^^ , R^^} denote the scalar curvature and the Ricci tensor of the background on 
which the gauge theory is defined. 

The semiclassical scaling weight for a 1/2, 1/3 and 1/6 BPS loop operator Vc can be 
computed semiclassically by evaluating the stress tensor in the background produced 
by the corresponding loop operator, which yields 

, 4 M 

^ = -lEE^n/3fP. (2.82) 

1=1 1=1 

This expression is written for the most general 1/6 BPS vortex loop operator. In the 
other cases with more super symmetries, some of the /3}'^'s have to be set to zero. 

Since the stress tensor is in the same supermultiplet as the A = 1 chiral primary 
operator, the correlator of a vortex loop operator with T^y and with Oi^ are related by 
super conformal Ward identities [22] • It would be interesting to study the supercurrent 
multiplet for M = Q Chern-Simons theory. 



3 Holographic M-Theory Description 

3.1 M-Theory on AdS^ x S'V^fc 

The M = Q Chern-Simons theory with U{N)k x U{N)^k gauge group we have been 
studying is conjectured [1] to describe the low energy limit of the dynamics of 
M2-branes on a orbifold of M^. Therefore, this theory is expected to provide the 
holographic description of M-theory with ^^5*4 x S'^/Z^ boundary conditions. The 
M-theory background is given by the following metric and four-form 

3 ('^■^) 

Fi = -R ^AdSA y 
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where flAds^ is the volume-form on ^^5*4. 

In order to identify the bulk description of the vortex loop operators Vq found in the 
previous section, it is convenient to foliate the bulk 74^5*4 metric by AdS2 x slices, 
as this makes manifest the symmetries of the dual loop operators. In this foliation of 
74^5*4, the metric in the conformal boundary is that of AdS2 x S^, where vortex loop 
operators have a particularly simple description. 

In this foliation the AdS^ metric is given by 



'^^AdS4 ~ '^^^ + cosh^ u ds\^g^ + sinh^ u dcjP' , (3.2) 

netric of /. 
Poincare or global coordinates 



where ds\^g^ is the metric of 74^5*2. We can then choose the metric of AdS2 in either 



^ dl"^ _|_ dz'^ 

ds\^s^ = dp^ + sinh^ p dil)"^ . (3.4) 

The Poincare coordinates are suitable for describing loop operators supported on C = M 
while global coordinates are suitable when the loop operators are supported on C = 5*^ 
mirroring the discussion in Section [2.1.2[ The brane constructions we write down below 
apply to both choices of AdS2 coordinates. 

To write down the M2-brane action in this background we need also the gauge 
potential for the four-form F4 (13.11) . We take 

C3 = ^i?='(cosh=^ u-l) ^Ads, A dcj) , (3.5) 

o 

where ^^^52 is the volume form of 74^5*2. In principle C3 is defined only up to a 
gauge choice, but since we will couple it to branes that approach the boundary of 
spacetime, one should impose a proper asymptotic behavior on it. The analog of 
choosing Fefferman- Graham coordinates [23] near the boundary is to take the three- 
form to not have any component in the du direction. Such a prescription indeed gave 
the correct result in A/" = 4 SYM in four dimensions |2l] 



We choose a set of coordinates for S'^/Z^ defined by the embedding of the unit 
7-sphere in given by 



= sin — e*^^ , 
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(3.6) 
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See a more detailed discussion in [S]. 
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The angles -^i, ^2 and all range from to vr. The angles .^i, .^2, ■Cs ^'^^ ^4 have period 
2ti but are subject to the orbifold action 



e/^6 + 27r/A;, (3.7) 
identifying — )■ e^^^^'^w^ . In this coordinate system the metric on S"^ jTL^ is given by 



ds 



+ 4 sin^ '^dii + cos^ — ( c/^?^ + 4 sin^ — rf^^ 



^1 



+ COS^ y ( + 4 Sin^ ^^^3^ ^ 4 pQg2 _1^^2 



2 



2 



The relation between the parameters of the M-theory background and of the Chern- 
Simons field theory are 

F? Fin 



TT 



(3.9) 



M-theory should provide a good description of Chern-Simons theory in the (strong) 't 
Hooft coupling limit and in the regime A^^^ ^ A^^. For larger /c, when A^^ 3> A^^^, the 
perturbative bulk description is given by Type IIA supergravity on AdS^^ x CP^ [1]. 
Next we present the holographic duals of the vortex loop operators in M-theory. We 
repeat the analysis in the string theory language in Appendix O 



3.2 M2-Brane Solution 

In this section we give the bulk description of the 1/2 and 1/3 BPS vortex loop operators 
in the probe approximation. Since the field theory operators are supported on a curve, 
the object dual to them in the bulk must end on the boundary of AdS^ along that 
curve. We find that the appropriate object is an array of M2-branes in the bulk. A 
single M2-brane in the bulk corresponds to the case when the vortex loop operator 
has a non-trivial behavior only in a single U{1) factor. The bulk description when the 
broken symmetry of the loop is L = U{Nq) x U{No) x U{Ni) x ■ ■ ■ x U{Nm) corresponds 
to an array of M separated M2-branes. 

Recall from the gauge theory analysis that for gauge group U{1) x f/(l) the confor- 
mal vortex loop operators were either 1/2 BPS or 1/3 BPS, while the 1/6 BPS example 
had automatically enhanced supersymmetry. Indeed we find that a single M2-brane is 
1/2 BPS or 1/3 BPS. To find 1/6 BPS configurations, one should consider a general 
non-Abelian gauge group and a collection of multiple M2-branes in the bulk. 

The SU{1, 1) ~ SL{2,R) symmetry of the loop operators implies that the brane 
must span AdS2 C AdS^. As explained in the previous section, the U{l)i C 50(2,3) 
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symmetry that leaves the straight hne or the circle invariant is broken by the field con- 
figuration produced by a BPS loop operator. Therefore, the symmetry corresponding 
to shifts in the angle (f) in the bulk metric (13.21) must be broken by the M2-brane embed- 
ding. Nevertheless, the 1/2 BPS operators are invariant under a diagonal combination 
of U{l)i and an U{1)r symmetry, which corresponds to an isometry of S^/Z^. There- 
fore, the M2-brane embeddings dual the BPS loop operators wrap AdS2 x 5^ C AdS^ 
and have a non-trivial profile on S'^/Z^, which depends on the C AdS^ coordinate 0. 

The 1/2 BPS loop operators excite a single complex scalar field C^, while the 1/3 
BPS loop operators excite two complex scalar fields and C^. In the bulk, we can 
describe both types of operators by considering M2-branes with 7^ 0, 7^ and 

= = Q'm (13. 6p . so we set ^2 = tt. The relevant part of the metric on the compact 
manifold — corresponding to an S^/Zk — is then given by 



d-dl + sin^ §1 d^p'^ + (-dC + cos di d(p 



k 



(3.10) 



where we have defined new angles 

^1 = - 



c 

k 



6 



2 



C 
k 



(3.11) 



Both ( and (f range between and 27r. 

We describe the M2-brane embedding corresponding to the 1/2 and 1/3 BPS loop 
operators by choosing the static gauge along AdS2 x C AdS^ and considering a 
periodic motion on S'^/Z^ 

c = a<p), ^ = ^{<p). (3.12) 

The 1/2 BPS M2-brane embedding for the case of /c = 1 was found in [7], and orb- 
ifolding it gives both the 1/2 BPS and the 1/3 BPS solutions we present below. For 
completeness, we rederive the solution here. The corresponding D2-brane solution in 
Type IIA string theory is described in Appendix [Cl 

With this ansatz, the M2-brane action is given by 



5, 



M2 



n 



AdS2 



cosh u 



\ 



sinh u 



— + cos "di ip 



Lf)^ siv? — cosh^ u + 1 



(3.13) 



with a dot representing differentiation with respect to cf). The last two terms are the 
contribution from the background three-form gauge potential and Tm2 = l/47r^ is the 
M2-brane tension. 
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The equation of motion for u has two solutions. The BPS solution corresponding 
to BPS vortex loop operators is 



coshw 



sinh^M + ( y + 0cosi9i ) +Lp'^sin^§i. (3.14) 



The second solution is similar, with an overall factor of 2 multiplying the right-hand 
side. We will not discuss the other solution here. 

The equation of motion for gives the constraint 

Cv2sini9i = 0. (3.15) 

Seemingly there are four different solutions, with C = 0, with = 0, with -i^i = and 
di = IT. The last three cases may, however, be grouped together. Note that when 
sin'i?! = 0, either the angle or the angle .^2 is ill defined. Therefore ( and ip are not 
independent variables (13. lip . We therefore choose in these cases to take if = and end 
up with two cases which should be studied separately. Using (I3.14p the two cases are 

1. = 0, C = ±|, (3.16) 

2. C = 0, = ±1. (3.17) 

In the first case fl3.16p we have using (13. 6p . (13. lip 

^1 = sin ^ e<±^«?) , w' = cos ^ e<±t+€.°) , ^3 ^ ^4 ^ q ^ ^g^^g^ 

where is the world-volume coordinate parameterizing the motion around C AdS^ 
and C,i and ^2 ^''^^ arbitrary constants. The choice of sign in (I3.18P corresponds to 
the choice we have in making a 1/2 BPS loop operator from either a holomorphic or 
antiholomorphic field configuration in the gauge theory. 

For this brane embedding, wi and W2 are proportional to each-other and by an 
SU{4) rotation we can go to the case with 'di = tt, where W2 = 0. This solution is dual 
to the 1/2 BPS vortex with only turned on (I2.19p . The supersymmetry analysis 
of this M2-brane embedding is performed in Appendix [Dl where we prove that this 
M2-brane is 1/2 BPS, in agreement with the gauge theory. 

In the second case (I3.17P we have using (13. 6p . (13. lip 

^1 = sin ^ e<^^+«?) , = cos ^ e<^^^^°) , ^ = . (3.19) 

Note that now Wi and W2 are not proportional to each-other, as their dependence 
has the opposite sign. This solution corresponds to the 1/3 BPS vortex with both 
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and turned on fl2.25p . where one field is holomorpliic and the other one antiholo- 
morphic. We show in Appendix [D] that in this case the M2-brane solution is 1/3 BPS, 
in agreement with the gauge theory. Furthermore we show that for k = 1,2, where 
the M-theory background preserves thirty- two supercharges, this solution becomes 1/2 
BPS. 

The representation of the solutions in fl3.18|] and fl3.19p obscures one detail, which 
is the action of the orbifold. and w'^ are single valued complex numbers only 
in the universal covering space S*^. In that case both solutions correspond to great 
circles. Therefore it is also not surprising that for k = 1,2 both solutions preserve the 
same number of supersymmetries. The distinction between the solutions comes when 
considering the orbifold, which acts also along great circles of S*^. The orbifold acts 
by shifts on the Hopf fiber. In the 1/2 BPS case (13.181) the two circles are completely 
aligned, as the M2-brane wraps the Hopf-fiber k/2 times. In the 1/3 BPS case the 
angle between the circle that the M2-brane wraps and the circle on which the orbifold 
acts is -di. 

In all of the solutions above the phases of behave like ±0/2, which is directly 
related to the square-root dependence in the vortex loop operator field configuration. 
For a single vortex we would take the M2-brane to wrap the circle inside AdS^ once, 
which would require to identify ^ —w^. This indeed is the case for even k, since 
the orbifold action identifies — ?■ e^'^'^^^w^ . For odd fc, however, we find that there is 
no single M2-brane solution, as in this case the M2-brane does not close. This is the 
bulk realization of a similar phenomenon we found on the gauge theory side, where for 
odd k the theory with a single vortex was ill defined. 

Having established the M2-brane solutions dual to the 1/2 BPS and 1/3 BPS vortex 
loop operators we calculate now the expectation value of the loop operators Vc-, with 
C = M or C = S*^, in the supergravity regime. The expectation value is determined by 
the on-shell action of the corresponding M2-brane 

{Vc) = exp(-5M2) . (3.20) 
Plugging in the classical solution into the M2-brane action fl3.13p yields 

^c^assica ^ _ / Q^^^^ = / QAdS2 (3-21) 

The volume of AdS2 depends on the regularization. For the straight line one takes the 
natural regularization on the Poincare patch (13. 3p . with vanishing area. For the circle 
one uses global AdS2 (13. 4p . whose regularized area is — 27r. For the line we find that 
the action vanishes and the expectation value of the vortex loop operator is unity. 
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For the circle we get 

^classical = -1^ = -'-TX^2\ . (3.22) 



k 



2 

This is k/2 times the answer for a fundamental string in AdSi^ x CP^. For odd /c, we 
should extend the solution to a double cover, so < < 47r giving kTx\/2X. 

This shows that the expectation value of a circular BPS loop operator at strong 
coupling is 



{Vc) = exp kix^Yj^ . (3.23) 

3.3 Mapping Probe Brane and Gauge Theory Data 

We now proceed to identify the parameters describing the loop operators we constructed 
in the gauge theory with the parameters of the corresponding M2-branes in AdSi, x 

The M2-brane solutions we wrote down, with a single brane winding once around 
the circle correspond to vortex loop operators where only a 1 x 1 block of the scalar 
fields is turned on. This means that in equation (12.451) Nq = N — \ and A'^i = 1, so 
the unbroken gauge symmetry is L = \J{N — 1)^ x t/(l). This case is therefore very 
similar to the loop operators in the t/(l) x t/(l) theory in Section [ZT] to which we now 
compare. 

The 1/2 BPS vortex loop operator (12.191) depends on two parameters, a real positive 
number and and angular variable a. Likewise the M2- brane solution (13.181) (after 
setting -i^i = TT by an SU (4) rotation) depends on two parameters: m, which determines 
the radius of curvature of the AdS2 x worldvolume metric and an angular variable 

which gives the relative phase between the circle in AdSi, and the Hopf fiber in 
^^/Zfc. We propose to identify 

sinhn = ^|/3|, e? = ^- (3.24) 



This mapping of parameters is determined by the symmetries that the solutions pre- 
serve and those they break, up to constants, which are guessed from the analogy with 
the surface operators in A/" = 4 SYM [S] . 

The 1/3 BPS vortex loop operator in the Abelian theory (I2.25P depends on four real 
parameters: A pair of complex numbers (/3i, fi^) subject to the identification (/3i, /52) — 
e*^(/9i,/32) and an angular variable a. The associated M2-brane (13.191) depends, as in 
the 1/2 BPS case, on u, but now the solution depends also on the angle measuring 
the angle between the circle that the M2 wraps and the circle on which the orbifold 
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acts. In addition, the brane embedding depends on two phases C,i and .^2) which can 
be also rearranged, as in fl3.1ip into 

^o = e2-e^, co = ^(e?+e2°)- (3.25) 

To find the map between the gauge theory parameters and the parameters of our 
M2-brane solution (13.171) . we recall that the two homogeneous coordinates and 
defined in (13. 6p correspond to the fields and in the gauge theory. The vortex 
singularity has the following form (I2.25P 

= A , ^2 = A . (3.26) 



Using the map ^ and — )■ w^, we find that 



tan^le- = ^ = S = |l,/i = ^-'*. (3.27) 



2 (32\ z (3. 



J2 



Comparing with the M2-brane solution we see that this loop operator corresponds to 
the choice of positive sign in equation (I3.17p . the choice of negative sign corresponding 
to a vortex loop operator where the role of holomorphic fields is replaced by antiholo- 
morphic fields. Using (I3.19P and (I3.25P and the fact that on the solution </? = + (/Jq, 
we find that 

tan — e-'^« = ^ . (3.28) 

2 P2 

The remaining two parameters on the M-theory side are identified in a similar way to 
the 1/2 BPS case. Explicitly, the proposed identification of parameters of the 1/3 BPS 
loop operator and of the 1/3 BPS M2-brane is given by 



sinhM = — ■=\J\Pi\'^ + |/32p , tan— !- 
TTv 2A 2 



V^o = arg — , Co = Sttq! . 



(3.29) 



/3: 



The 1/2 BPS case is recovered by taking di it. As we saw, our choice of 
holomorphic fields corresponds to the choice of positive sign in (I3.17p . Because ( and 
(p appear with opposite signs in (13. lip , we conclude that in the 1/2 BPS case we should 
take the negative sign in (I3.16P to match with the holomorphic vortex loops in the gauge 
theory. The positive sign corresponds to antiholomorphic vortex loop operators. 

Turning to the non-Abelian case, all the BPS vortex loop operators constructed in 
Section 12.21 are described by block-diagonal matrices, where in each block there is a 
copy of a 1/3 BPS vortex of the Abelian theory (possibly rotated). This is mirrored in 
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the M-theory dual, where each block in the matrix should be represented by a single 
M2-brane. 

Specifically, the general BPS vortex in the non-Abelian theory depends on M inte- 
gers A^i, ■ ■ ■ Nm and has an unbroken gauge symmetry U{NqY ^ U{Ni) x ■ ■ ■ x U{Nm), 
where Nq = N — ^i- The natural identification is to represent in M-theory each 
block by a single M2-brane wrapped Ni times around the (p circle in 74^5*4. The rest 
of the data in the classification of the vortex loop Vc are the collection of numbers 
{I3f\a^^^). They are related to the M2-brane parameters as in f l3.29p . with the only 
extra new information being that in the 1/6 BPS case f l2.58p . fl2.59p in each block the 
vortex may have different ratios of and /Jg''' and of 13^^^ and /S^, which translates 
in an obvious way to a choice of S^/Zfc in which the M2-brane is embedded. 

As noted before, for odd k the single M2-brane configuration is inconsistent, as it 
does not close onto itself. This is the M-theory manifestation of the fact that some 
operators in the gauge theory are not single valued in the presence of vortex loop 
operators for odd k. This problem is avoided, though, when all M2-branes are wrapped 
an even number of times around the (j) circle. According to the preceding prescription, 
this happens when the integers A'^; with / = 1,---M parameterizing the unbroken 
gauge group are all even. Indeed we saw also on the gauge theory side that to construct 
consistent vortices at odd k requires all A^^ to be even and that it involves a non-Abelian 
twist (EUD and ^M^. 

3.4 Correlator with Local Operators 

We want to calculate, using the preceding probe M2-brane description, the correlator 
of a vortex loop operator Vc with a chiral primary operator. This is the bulk M-theory 
analog of the calculation performed in the gauge theory in Section l274l We will perform 
this computation for the 1/2 BPS solution fl3.16p . The necessary harmonic analysis on 
^^5*4 X S'^/Zfc and the analysis of supergravity fiuctuations needed for this computation 
are detailed in Appendices IB] and [Ef based on [251 [261 [27] . Similar calculations have 
been performed in the context of AdSr x S"' in [281 [21] and in the context of AdS^ x 

in [301 [SB [321 [331 i. 

A chiral primary operator in A/" = 6 Chern-Simons theory corresponds in the 
dual supergravity description to a four dimensional scalar field propagating in AdS^. 
The correlator of a vortex loop operator Vc and a chiral primary operator is determined 
by the normalizable mode of produced by the probe M2-brane. Therefore, we must 
first compute the linearized coupling of the M2-brane to the supergravity field s^. 
This is found by varying the membrane action with respect to the spacetime metric 
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and three-form field 

nvi2 



ss 



M2 



(3.30) 



Here gab is the induced metric on the brane, which is that of AdS2 x with radius 
coshti. Hmn and 50-^ are the fluctuations of the metric and three- form field and the 
indices M and go over all eleven dimensions. 

Since we are interested in the correlator with a chiral primary operator, which is 
dual to the bulk field s"^, we must relate the fluctuations of the metric and three-form 
in (13.301) to s^. To linear order, the harmonic expansion of the metric and three-form 
fluctuations are given by flE.ip . (lE.Sp 



h 



sc, 



A 

al3 

4 



(J + 2) 



' ^ J{J + 6) 



7J , 



(3.31) 



2e 



where /x, i^, ■ ■ ■ are indices along 74^5*4 and a, f3, - ■ ■ are indices along 5'''/Zfc. The integer 
J determines the eigenvalue of the Laplacian on S'^ /Zk of the corresponding spherical 
harmonic and is equal to twice the conformal dimension A of the dual operator (see 
Appendix [B|) . 

Using the coordinate system (13. 2 p , (13. 3p , and the metric in (I3.10p , the relevant part 
of the bulk metric is given by 



2 COSll ^ / 7 2 7 1 1 '12 7/2 i 

as = — [at + az ) + au + smh ua(p + as 



2 



(3.32) 



On the 1/2 BPS solution (I3.16p . where the worldvolume coordinates are t', z' and 0' 
and where '&\ = n and C = A;/2, we find that the induced metric on the M2-brane is 
given by 



^ab 



cosh U 



diag [f, z^, l) 



(3.33) 



The various fluctuations appearing in (I3.30p are given by 



MN 



P[6Ci 



cosh^ u sinh u ^ a 

2 d^s"". 

z^ 



(3.34) 
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We then find that the hnearized couphng of the bulk field to the M2-brane world- 
volume is given by 



Tm2-R'^ /" , , , , coshw 



SSm2 = — r — / dzdt 



1 J - 1 ' 
4: ( + d? -\ — T:dl ^ cosh u sinh u du 



2-2 V £1 



2(J + 2) ^ 

_ 2J(J- 1) (3cosh^M- 1) J(J + 2) 
3 ^2 + 3,22 



s^y^, (3.35) 



where are S'^ jlj^ spherical harmonics. 

We now consider the insertion of the local chiral primary operator corresponding 
to at the 74^52 x 5*^ boundary point labeled by (t, z, </>). The expression for at a 
point (t', z' , 0', m) along the brane once a source Sq (t, 2;, 0) is specified on the boundary 
is given by integrating the bulk-to-boundary propagator from the point at the boundary 
to a point in the brane. The bulk-to-boundary propagator in our coordinate system is 
given b}0 

G{u, z', t', 00 = cj , (3.36) 

cosh u 

where 

D = {t' - tf + + - 2z'z tanh u cos(0' - 0) , (3.37) 

and cj is a normalization constant given by f lE.12p . which guarantees that the bulk 
computation of the two-point function of the corresponding chiral primary operator 
is unit normalized as in f l2.72p . Acting with the derivatives on the propagator and 
simplifying we find that the correlator of the vortex loop operator with the chiral 
primary operator dual to is 



(Vc) " 8 J, io ^ cosh^+i n /^^+2 

27r POO ^/A 

'Y^ / dz' 



(3.38) 



8 cosh^+^M (A + 1)! io Jo D^+^^Z^ 

where D = z'"^ + z"^ — 2z' ztanhu cos(0' — 0). 
The z' integration yields (first scaling z out) 

dz' ^ = / dz' 







f)A+3/2 ^A+2 (1 + ^'2 _ 2z' tanh U COS 0)^+3/2 

TT A! 1 



(3.39) 



^A+22A+i r(A + 3/2) (1 - tanh M cos 0)^+1' 



i^We recall that A = J/2. 
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where (j) = (j)' — (j). 

Lastly we perform the 0' integration. Here we need the exphcit form of the spherical 
harmonics from Appendix [Bl For the 1/2 BPS M2-brane solution we have 'di = tt and 
^1 = ^0 - 072. Using that = (-1)"("+^) we get from flBlil) 



=n) = (-l)Ay (^ll^f^^e-'Kf-*'/^) _ (3,40) 
where A± = A ± Therefore the last integral is of the form 

AT^ / d<P . = 27r — f /'(coshw), (3.41) 

cosh^+^uyo (1-tanhn cos 0)^+1 A! ^ ^ 

where P^{x) is an associated Legendre function. 
Assembling everything together, we find 



(Vc-Oa,,) (-1)^-+^ vr , / (A+ + l)(A+ + 2)(A„ + l)(A_ + 2) 
(V^c) (27r2A)V4 2y2 V (2A)!(A+1) 



e 



ipk(i'l-<P/2) 



X- ^ P^''/^(coshM), (3.42) 



where Oa,p are the SU (3) invariant chiral primary operators. For the first few values 
of A, we find 



{Vc-Oi^o) 1 3^2 TT cosh 



u 



{Vc) (27r2A)i/4 4 z ' 

{Vc-02fi) _ 1 7r3cosh2n-l 

(Vc) ' ~ ~(27r2A)i/4 2 ^2 ' 
(■^^c ■ C'3,0) _ 1 TT 5 cosh^ M - 3 cosh u 

{Vc) ~ (27r2A)V4~8 



(3.43) 



Using that the leading power in the Legendre polynomials is P°(x) = ( ") |^ + ■ ■ ■ we 
can write the leading term for operators with arbitrary A as 



{Vc ■ Oa,o> 1 t(A + 2) (2A-1)!! (A + 1) . 

-71^ = (2.^A)V. 2V-2 V ^A)H ™h (3.44) 



_ 2\n/2 

V(7 ■ Opk 



Also using Pn{x) = (— 1)"(2?t, — 1)!!(1 — x )"' we have for the case oipk = 2A that 

A 

sinh^ u . (3.45) 



(Vc) 



/(2A + 1)!! 




/ (2A)!! 
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• Comparison to Semiclassical Calculation 

It is interesting to try to compare our results here to those we found by semiclassical 
techniques in A/" = 6 Chern-Simons theory in Section 12.41 Like the expectation value 
of the vortex loop operator, the correlation function of a loop operator with a chiral 
primary operator also gets non-trivial quantum corrections to all orders in the 't Hooft 
coupling. This is in contrast to the analog computation with surface operators in 
A/" = 4 SYM, whose correlators with local operators seem to get quantum corrections 
only to a finite loop order [8]. 

Using f l3.29p we can represent the result of our calculation performed at strong 
coupling f l3.42p in terms of the gauge theory variables 



We omitted all numerical factors in this expression. Also we replaced ze'^'^ — )■ z, which 
is the holomorphic coordinate in the plane transverse to the loop that we used in the 
gauge theory calculation. 

There are some general features we would like to point out in this expression. 
First, the dependence on the holomorphic and anti-holomorphic coordinates z and z 
is as would be expected for a field of dimension A and U{1)b charge pk. A feature 
that might seem surprising at first is the appearance of a, the holonomy of the gauge 
field, in the correlator of a scalar operator. This happens only in the case of non-zero 
p, when the chiral primary operator is not made purely of scalar fields, but also carries 
a monopole charge, and hence the dependence also on the holonomy of the gauge field. 

In the gauge theory calculation in the semiclassical approximation we found that 



This semiclassical result will receive quantum corrections. A simple class of quantum 
corrections involves self-contractions of the scalar fields in the operator Oa,o- Since a 
pair of scalars CC^ have to be contracted with another pair, this class of graphs give 
quantum corrections in A^/|/3|^ only to a finite loop order, A_. 

The numerical coefficients appearing in the correlators seem to get renormalized 
between weak and strong coupling as well as the form of the expansions in /3 and A, 
where 




(3.46) 



for p = (I2T6|) 




(3.47) 




(3.48) 
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which is a generahzation of the scahng of the couphng from weak to strong couphng 
that appears in other calculations in this theory. In addition we find that the correlators 
in M-theory get an extra factor of \~^^'^. The only thing that seems to match is the 
fact that the calculation involves also a polynomial of degree A_ in the respective 
expansion parameters at weak coupling and strong coupling. 



3.5 "Bubbling" M-Theory Geometries 

In Section 13.21 we found the description of a vortex loop operator in terms of probe 
branes embedded in AdS^ x S^/Z^. The probe brane description of a vortex loop 
operator is valid as long as the number of M2-branes is much smaller than A^. The 
operators for which the probe approximation is valid have A'o ~ in f l2.45p . When the 
number of branes describing the operator is of order A^, the gravitational backreaction 
of the M2-branes cannot be neglected, and the proper dual description of the operator 
is in terms of "bubbling geometries" [M] . 

The supergravity solutions capturing the backreaction of the 1/2 BPS M2-brane 
solutions of Section 13.21 can be written down by a simple modification of a class of 
bubbling supergravity solutions found by Lunin in The supergravity solutions 
constructed by Lunin posses an SL{2, R) x S0{6) symmetry and can be obtained by a 
double Wick-rotation of the bubbling solutions describing giant gravitons in AdS4 x S'^ 
[3l] . By appropriately orbifolding, we find solutions where the symmetry is generically 
broken to SL{2,R) x SU{3). 

The metric ansatz studied in [7] (before orbifolding) has factors of AdS2 and 
which make explicit the desired SL[2,R) x 5*0(6) symmetries. The metrics can be 
written as 



-4a; 

ds^ = e2"(?/2e-^" - l){dx + Vidx')^ + „ „ -{dy'^ + e^idxj + dzj)) 



I f,2ujj 2 , 1 2 -4^;^ 2 



(3.49) 



The supergravity solutions are completely determined by a function D, which satisfies 
a 3-dimensional Toda equation in the coordinates Xi, X2 and y. The warp factor u and 
the vector field Vi are given in terms of D by 

= n ' ^^ = 1 ^^^^^^ ■ (3.50) 

y{l-ydyD) 2 

These solutions also have a four-form field strength turned on. It is given by (*3 is the 
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Hodge-duality operator on the base manifold parametrized by xi, X2 and y). 

F, = (^d [-4y'e~'^{dx + V)]+2 ^3 e^^^y^ (dy^dye""^ + yd.dyDdx' ^ A ^^^5. • 

(3.51) 

As already mentioned, the solution is completely determined by the function D, 
which solves the equation 

{dl + dl)D + dy = 0. (3.52) 

One needs to analyze this equation and the allowed boundary conditions and singular- 
ities that give rise to smooth geometries. 

In [7] two classes of solutions were considered, of which the second class is the 
relevant one for us. For these solutions the y coordinate extends from to infinity. At 
y = the function D develops a singularity, D ~ logy, where the radius of the 
shrinks to zero size, but the full metric remains regular. 

The other allowed singularities for the function D occur along semi-infinte rays 
extended in the y direction, with y > y*-'^ at fixed xf\ Near the rays D ~ — log |x — x*-'-* | 
and at the tip of each ray the circle parametrized by x in fl3.49p shrinks to zero size, but 
again in a regular fashion@ A bubbling supergravity solution is completely determined 
by specifying the ray structure, which is characterized by the position of the ends of 
the rays (xf\ y^'^), for / = 0, . . . , M. 

To adapt these solutions to the problem at hand, we need to perform a orbifold 
of some circle in the ten dimensional geometry. The geometries in f l3.49p have a f/(l) 
isometry, which acts by shifts on the coordinate x spanning the circle. In addition to 
the manifest circle, there is the which can be written as a circle fibration over CP^. 
If we set = in (13.61) we can write the metric in the form 

dsl, = ds'„. + {dC + , C' = ^^±^±ii . (3.53) 
We take the Zk orbifold to act on the angle 

C = ^. (3.B4) 

As we show below, for the AdS^ x S''' solution indeed C = ('Ci + 'C2 + ■Cs + ^i)/^^ which 
is the desired orbifold direction. 

This orbifold action is singular at any point in the geometry where the ( circle 
shrinks to zero size. Since there are no mixed metric components for the coordinates 



^''There is an alternative description of these solutions where the rays are replaced by finite rods 
with < 2/ < y^'-* , but the mapping between it and the probe brane picture is more complicated. 
Note, though, that in our description the x plane is double valued. 
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X and C,' 1 this happens only at the locus where both circles shrink to zero size. The 
C circle shrinks when the radius of goes to zero, which as we reviewed occurs at 
y = 0. The x circle, on the other hand, shrinks to zero at the tip of each of the rays 
at {xi,y) = ?/'•'•'). Since regular solutions have y^''^ > 0, these two conditions never 
coincide, and consequently the orbifold action has no fixed points. Therefore, we can 
orbifold the solutions in [7] and obtain completely regular backgrounds. 

In order to understand the relation between the orbifolded bubbling geometries 
and probe M2-branes it is illuminating to describe the AdS^ x 5*^ solution in this form. 
This solution corresponds to a single ray located at xf^ = with ?/(°) = R^. It can be 
expressed as [7] 



Xi + ix2 = xe^"^ , X = E? sinh u siv? — , y = E? cosh u cos^ — , 

2a; d2 2 ^1 D .2 ^1 t . sluh^ U 

e =i? COS — , e =cot — , V = - ^ , # 

2, Z 2(smh u + sm ^) 



(3.55) 



This completely matches the metrics (13. 2p . fl3.4|] . fl3.8p once the following identification 
of angles is made 

X = iu i)-1x = 4>. (3.56) 

The remaining angles "Q^-, "^3, ^2, ^3 and ^4 parametrize S^. Orbifolding the ( circle 
fl3.54p indeed gives the metric on AdS^ x S"^ /Zf^. 

It is easy to identify the probe brane solution fl3.16p of Section [3l2] in this construc- 
tion. It corresponds to two rays, one at xf^ = and y > y^^^ = R^, which generates the 
AdS^ X S''^/Zfc geometry 03.551) and another at a point xf''^ with very small y^-^K This sec- 
ond singularity represents an M2-brane at i^i = vr, sinhu = \x^^' 

The number of coincident M2-branes (or their wrapping number) is related to the value 
of y*-^^ by a rather complicated integral given in [7]. 

Before orbifolding, the geometries found in [7] preserve sixteen supercharges. We 
expect that orbifolding the ( circle by C — C + 27r/A; will break the supersymmetry down 
to twelve supercharges. These orbifolded geometries provide the dual gravitational 
description of the 1/2 BPS vortex loop operators Vc in the supergravity regime, when 
the probe approximation breaks down, corresponding to the case when the number of 
probe M2-branes is of order A^. The parameters of the solutions indeed match those of 
the 1/2 BPS vortex loop operators. The vortex loop operator with gauge group broken 
down to L = [/{Nq)"^ X U{Ni) x ■ ■ ■ U{Nm) gets identified with the bubbling geometry 
consisting of M + 1 rays. One of the rays is at xf^ = while the remaining M others 

,4') + z4'^ =4A;|/3(')|e^™^", (3.57) 



are at positiong^^' 
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we use and R^/Ak = 7rV2A 
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where a*^'^ and Z?*^'^ are the parameters characterizing the vortex loop operator fl2.48p . 
f l2.5ip . The integers A*"; correspond to the length of the rays y^'-*. 

The "bubbling" geometry has weak curvature everywhere when A is large and all 
rays are well seperated and the values of y^'^ are all comparable (as mentioned above 
y*-') ~ corresponds to a probe brane). In this regime eleven dimensional supergravity 
on this background provides the most reliable description of the vortex loop operators 
we have constructed in this paper. 

As discussed earlier, some of the 1/3 BPS vortex loop operators have the special 
property that they become 1/2 BPS for A; = 1,2. In the probe approximation all the 
M2-branes wrap the same great circle on the covering space S*^, but this circle is not 
aligned with the direction of the orbifold. In these cases the 1/3 BPS vortices can 
also be described by an orbifold of the 1/2 BPS geometries above, by letting Z^, act 
on a different angle than ( fl3.54p . It would be interesting to understand the details of 
this as well as to find the most general geometry preserving eight supercharges, and 
representing the most general 1/3 BPS vortex loop operator. 

It is possible to calculate the correlation function of the vortex loop operators with 
chiral primary local operators, as we did in the gauge theory in Section 12.41 and in the 
probe approximation in Section 13. 4[ also in the bubbling geometry description. This 
was carried out for the case of surface operators in A/" = 4 SYM in [8] using techniques 
from [35] . It would be interesting to work out the details of the formalism in this case 
too and have another set of results to compare with the gauge theory f l2.76p and with 
the probe f l3.42p calculations. 

4 Discussion and Summary 

The A/" = 6 supersymmetric Chern-Simons theory of Aharony, Bergman, Jafferis and 
Maldacena [1] provides a concrete duality between a three dimensional interacting 
conformal field theory and quantum gravity on spaces with AdS^ x S'^ /Zk asymptotics. 
The gravitational description of three dimensional field theories provides us with new 
tools to study the behaviour of these theories at strong coupling, which may lead to 
new insights on the behaviour of strongly coupled three dimensional theories describing 
various physical systems. 

In this paper we have constructed novel disorder operators in Chern-Simons-matter 
theories. These operators, apart from providing a new tool to study holography, may 
find applications in other Chern-Simons-matter theories, known to describe some physi- 
cal systems. In particular, these operators have a singularity along a curve in spacetime 
for the matter fields and gauge fields in the theory. These are codimension two vortex 
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field configurations, not unlike the vortices in superconductors or other physical sys- 
tems. These operators may serve as order parameters for new phases in these theories. 

The codimension two singularities characterizing these loop operators in Chern- 
Simons-matter theories are similar to the codimension two singularities describing sur- 
face operators in M = 4 SYM [5] (see also [6]). Recently |8], these surface operators 
have been used to perform precision calculations across the different coupling regimes: 
Weakly coupled semiclassical gauge theory, D-branes in AdS^ x and "bubbling" 
supergravity solutions. For all the calculations in that theory there seems to be re- 
markable agreement between the various regimes. For the most detailed calculation, the 
correlator between a surface operator and a chiral primary operator, the supergravity 
result can be rewritten in the gauge theory language to yield the precise semiclassical 
answer plus a finite series of quantum corrections, providing strong evidence that these 
operators only receive a small subset of the possible quantum corrections. Similar 
calculations across the various different regimes of coupling have been performed in 
[361 [371 [321 [22] for Wilson loops in AT = 4 SYM. 

While the calculations performed in this paper are indeed similar to those in [8], 
just like in other corners of the AdS4^/CFT3 duality, the agreement is not as clean as in 
the case of AdS^/CFT^. Yet, since the agreement in the case of surface operators in the 
four dimensional CFT is so clean, we hope that understanding vortex loop operators 
in the three dimensional CFT will help us learn how to perform precision calculations 
in the AdS^/CFT^ duality. 

We gave a rather detailed exposition on disorder vortex loop operators — both 
from the gauge theory point of view and from M-theory — which we hope will be a 
useful starting point for a more detailed study of these objects. But for the benefit 
of the casual reader we provide now a summary of our results organized in a different 
way than the main text — intertwining results from the gauge theory and M-theory 
pictures. 

The most symmetric object we have described is the 1/2 BPS vortex loop operator. 
It turns on only one of the four complex scalar fields and to preserve conformal sym- 
metry it has a singularity along a line or a circle in space-time fl2.19p . In the M-theory 
dual it is described by an M2-brane occupying a hypersurface AdS2 x G AdS4^. 
Going around the S^, the brane also wraps k/2 times the orbifolded circle on S'^/Z^. 
Consequently, a single abelian vortex loop is well defined only for the theory with even 
k. At odd k one needs to compensate for this by "doubling" the vortex, so in the 
M-theory picture it wraps the orbifold circle k times. We have pointed out throughout 
the text the subtleties that arise when trying to define the vortex loops at odd k and 
explained how they are resolved. 
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This vortex loop preserves twelve out of the twenty-four supercharges of the theory. 
In the case of the line, where it is a holomorphic function in the transverse plane, it 
preserves six super-Poincare generators and six superconformal ones (for the circle it 
is linear combinations of both). In fact, the only other known operators preserving six 
Poincare supercharges are the "baryonic" local operators [Cy^. Other chiral primary 
local operators preserve only four of the Poincare supercharges (of course, all chiral 
primaries preserve also all the super-conformal generators, a property not shared by 
non-local operators). 

The 1/2 BPS vortices have a close cousin which is 1/3 BPS. On the gauge theory 
side it corresponds to turning on a second scalar field and giving it an anti-holomorphic 
dependence in the transverse space. In M-theory it is described by a similar M2-brane 
occupying the same hypersurface inside AdS^, only that now the motion on S"^ /Tjk is 
on another circle, at arbitrary angle with respect to the direction of the orbifold. 

These vortex loops preserve eight of the twenty-four supercharges of the vacuum, 
and in the case of the line four of the twelve super-Poincare generators. In fact, there 
is a close analogy to the spectrum of chiral primary operators, where after the orbifold 
projection some of the 1/2 BPS operators retain six super-Poincare generators while 
all the others retain only four. The most symmetric ones, [Cy^ are the ones whose 
momentum is aligned with the orbifold direction. Likewise the same M2-brane solution 
on 5"^ is the dual of the 1/2 BPS vortex loop and the 1/3 BPS vortex loop, depending 
on the direction of the orbifold action. 

The discussion so far applied in most generality only to the Abelian theory with 
gauge group U{1) x f/(l). In the non-Abelian case the situation is considerably richer: 
There are still the 1/2 BPS vortices involving only a single scalar field. Using a gauge 
transformation it can still be diagonalized and is characterized by 2M real numbers 
(M < A^), the strength of the singularity for this scalar and for the gauge field in M 
different sub-blocks of N x N matrices. The M-theory dual is a collection of M2-branes 
all with the same orientation on S'^/Z^ but occupying different AdS2 x subspaces 
of AdS4. 

The same configuration, where all M2-branes are still oriented the same way, but 
not along the direction of the Hopf-fiber, is dual to a class of 1/3 BPS vortices. In 
the gauge theory description a second scalar field is turned on and is antiholomorphic. 
The fact that all the M2-branes are aligned is manifested in a constraint on the ratio 
of the two scalars. 

If this constraint is relaxed, we find a more general family of 1/3 BPS vortices, with 
4M parameters. Their dual in M-theory is a collection of M2-branes which are not 
wrapping the same circle on S^/Z^, yet still they are all within an S^/Z^ subspace. 
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It is possible to turn on the two remaining scalars in a way that corresponds to quite 
general M2-branes on all of S^/Zifc, still preserving four supercharges (1/6 BPS). 

In cases where there is a large number of M2-branes, it is no longer possible to 
ignore their backreaction and the proper dual description of the vortex loop operator 
is as a "bubbling geometry". The metrics describing the case of the 1/2 BPS vortex 
loops are given by orbifolding a known solution [7]. A similar analysis should apply 
also to the 1/3 BPS ones which have a 1/2 BPS origin. It would be very interesting to 
find the more general 1/3 BPS geometries, those with 4M parameters. 

Including natural boundary counter-terms for the classical action at weak coupling, 
we got no finite remnants, so the expectation value of the vortex loop operator is 
unity. It should receive quantum corrections since at strong coupling the circular loop 
operator has the behavior 

{Vc) = exp [A;7rv^] • (4.1) 

It would be interesting to reproduce this from a localization calculation similar to that 
for the BPS Wilson loops [381 [Ml HO]. One can also study other vortex loop operators 
supported on more complicated geometries. We leave this for future exploration. 

To get a better handle on these operators we proceeded to calculate their correla- 
tion functions with chiral primary local operators. As mentioned above, the similar 
calculation for the surface operators in A/" = 4 SYM [S] suggested the precise agreement 
between supergravity and a finite series of quantum corrections to the classical gauge 
theory results. 

In the case of the M = Q Chern-Simons theory, the results were much more com- 
plicated. The correlator has non-trivial dependence on the gauge coupling as well 
as the parameters of the vortex loop operator which do not agree between weak and 
strong coupling, meaning that they get renormalized. One feature that can be traced 
from weak to strong coupling, though, is that in both cases the correlator contains a 
polynomial of the same degree in the respective couplings. 

We would like to point out that this Chern-Simons theory has other loop operators 
— Wilson loops. These are order-operators, which can be expressed by the insertion 
of fundamental fields into the path integral. While the operators presented here have 
some distinct features that we could compare between the different regimes and they 
seem quite different from those of the Wilson loops of [9l [TOl [H] , we cannot be sure 
that these operators do not mix with each-other. 

To conclude, the program of identifying the bulk gravitational description of non- 
local operators in A/" = 6 Chern-Simons theory is the three dimensional counterpart of 
the analogous program for A/" = 4 SYM. There, supersymmetric Wilson loops can be 
described in a variety of ways, perturbatively in A/" = 4 SYM [HI |32], as strings in 
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AdS^ [ISl HH HSl [30] , as a configuration of D3-branes [211 SHI HZ] or as a configuration 
of D5-branes [Ml |16], and finally as asymptotically AdS^ x "bubbling" supergravity 
backgrounds [l9l [501 [SI]- Likewise disorder surface operators can be given a probe 
D3-brane description [5l [6] as a well as a "bubbling" supergravity description [6] , while 
order surface operators can be given a probe D7-brane description as well as "bubbling" 
supergravity description [521 [53] . 

In the context of the AdS4^/ CFT^ duality, apart from the dictionary proposed al- 
ready in [1], and the bulk identification of the disorder loop operators found in this 
paper, the D2 and D6 probe brane description of a family of Wilson loops was found 
in [9] (see also [M]), while the M2-brane giant graviton description of chiral primary 
operators has appeared in [551 [SS]. In [57] (see also [HI [58]) the Af = 6 Chern-Simons 
theory description of multiple M5-branes was proposed. These probe branes, and oth- 
ers which may still be found, promise to be useful and interesting tools to understand 
the strong coupling dynamics of three-dimensional conformal field theories. 
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A Superconformal Symmetries 



In this appendix we show that the conformally invariant vortices that preserve some 
of the Poincare supersymmetries also preserve the same amount of conformal super- 
symmetries. There is a simple proof of this statement using group theory; the super- 
conformal generators are given by the commutator of the special conformal generators 
and the Poincare supercharges, so are necessarily a symmetry of any operator invariant 
under the other two generators. Still we find it interesting to go through the exercise 
in detail, since this theory and its formalism are quite new. 

Like in the case of the Poincare supercharges, the only non-trivial superconformal 
variation in a bosonic background is that of the fermions. The superconformal trans- 
formations are obtained in the usual way once the Poincare supersymmetry variation 
is known, see [IH] (we follow the convention in [IB])- The variation is given by (12.61) 

5^7 = -n^XuVuDf^C + 27iYx, [-VuiC'Cl.C' - C'CiC'') + 2r,KLC''C\C'^) 
-VijC. (A.l) 

where t]^'^ is a constant spinor satisfying 

V'' = {VIJ)\ r/" = lr/"^VL, (A.2) 

and as with ejj (12.81) . we decompose rju according to their helicity in the 2;-plane, so 
that ?7/j = rifj + riYj, where 

Yvtj = , 7 Vj = • (A.3) 

For simplicity we do all the calculations for gauge group U{1) x U{1) but our 
analysis will apply for all the solutions discussed in Section [21 since all the matrices 
there commute. In the Abelian theory ( ]A.1|) reduce to 

(A.4) 

For the 1/2 BPS vortex 

C' = ^. (A.5) 
Equation (lA.4p vanishes then for the following rjfj 

{ Vt2 > ^1^3 ' Vu . V23 ' Vm ^Vu} ■ (A- 6) 

The 1/3 BPS vortex has 

C' = ^, C' = ^=. (A.7) 
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Clearly all the supercharges broken by the 1/2 BPS vortex are still broken, and there 
are now similar conditions stemming from C^, with the opposite helicity. Together 
flA.4p vanishes for 

The analysis for the 1/6 BPS vortex goes along the same lines, giving two preserved 
conformal supersymmetries. 



B Spherical Harmonics and Chiral Primary Oper- 
ators 

In this appendix we study the spherical harmonics on S"^ /Tj^ and in particular those 
invariant under an SU{3) subgroup of the SU (4) symmetry group. These spherical 
harmonics will allow us to construct the chiral primary operators which couple to the 
1/2 BPS vortex loop operators Vc and the supergravity modes dual to them. 

The spherical harmonics of 5*^ which transform in the 5*0(8) representation with 
Dynkin label [J, 0, 0, 0] are homogeneous polynomials of degree J in the complex coor- 
dinates (13. 6p 

1 . ^1 ^6 3 ^1 ^2 . ^3 

= sm — e ^ , w = cos — cos — sm — e , 

2 2 2 2 I'R 1 

2 ^1 ^2 4 ^1 ^2 ^^3 ^ ' 

w = COS — sin — e , w = cos — cos — cos — e , 
2 2' 2 2 2' 

and their complex conjugates. These spherical harmonics are eigenvectors of the S'^ 
Laplacian with eigenvalue — J {J + 6). 

Explicitly, we write the spherical harmonics as 

where J = A+ + A„ and C^'^^l'.'.j^- is a totally symmetric tensor in Ji ■ ■ ■ and 
Ji ■ ■ ■ Ja_ and traceless, i.e. 

.t; si = (B.3) 
for any 1 < g < A+ and any 1 < r < A_. They are normalized as 

Zfc acts on all the in ( IB. II) by e^'^^^'^w^ , thus the S'^ spherical harmonics 

which survive the orbifold are those where the difference between the number of 
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holomorphic and anti-homorphic coordinates is an integer multiple of k, so A+ — A— = 
pk. We get 

A^ = A + ^, A_ = A-^, A = ^. (B.5) 



The parametrization ( IB.ll) makes manifest the embedding SU{4) xU{1)b C 5*0(8), 



where 8„ — >■ 4i © 4_i. We further consider the decomposition SU{3) x U{l)ji C 
SU{4:), where 4 — > li © 3_.i/3 and would like to focus now on spherical harmonics 
invariant under this SU (3) subgroup. The SU (3) invariant harmonics, transforming in 
the [A+,0, A„] representation of 5't/(4), are functions ofw^, Wi and + 
only. In terms of the angular coordinates in (IB.ll) . we have that the SU{3) invariant 
spherical harmonics may depend only on -^i and 

In order to make manifest the U{1)b and f/(l)_R symmetries one may redefine the 
angles in ( IB.ll) as 

6 = -^ + V'i, 6 = -^-y + <^2, 6 = ■^-y-<^2 + <^3, ^4 = -^-y-^^a • (B.6) 

The C coordinate parametrizes the Hopf fiber of the S"^, so U{1)b is generated by 
while f/(l)_R is generated by 9^^. The Killing vectors d^^ and ^^p^ generate the Cartan 
subalgebra of SU{3). As mentioned above, the U{1)b charge of the spherical harmonic 
is the number of holomorphic coordinates minus the number of antiholomorphic coor- 
dinates in the harmonic. The spherical harmonics with zero U{1)b charge correspond 
to states that do not carry any angular momentum around the "M-theory circle" and 
remain light in weakly coupled Type IIA string theory. 

For practical purposes it is better to continue employing and .^i, and write the 
S'^ Laplacian with SU{3) invariance as 



. ^1 5^ 



-d^. Sin ^ cos^ ^ d^, + -^dl I Fa,p = -J{J + 6) Fa,p • (B.7) 



sin cos^ 2 2 2 



This is solved by 



YAA^u^i)=Af^,P sin^'^^e^^'^^^Pf 2(cos^i), (B.8) 



where A = J/2 > \pk\/2. Pjf'^^ are Jacobi polynomials, which we may also write in 
terms of hypergeometric functions as 

Pi^_^'^)(cos^O = ^ (^A+ + 3, -A_ ; 1 + ; sin^ . (B.9) 
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The normalization constant A/a,p in fIB.SP is fixed such that the normahzation of 
agrees with that which is determined from flB.4l) to be 



(B.IO) 



,S7 (2A + 3)! 

where the volume of the unit radius S''' is ^7 = 7r^/3 and on S"^ /Zk the right-hand side 
gets a factor of 1/k. 

To prove this we first use the identity 



J-W+j-W 
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m=Q 



ml(m + 3)! 



(B.ll) 



Differentiating m times with respect to j and m times with respect to j and setting 
\j\ = 0, we get 
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(m + 3)! 



-"fT (m) 



fB.12) 



U&Sn 



where the sum is over all permutations. Finally we plug this formula into the left hand 
side of ( IB.lOp . and notice that of the (2A)! possible permutations, only A_!A+! give a 
non-zero contraction between the two C^^-* tensors, and we get the right-hand side of 
flKToD . 

The Jacobi polynomials are conventionally normalized as 

H 2 
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sin' 



cosi^i'; 



TT 



A+!(A_ + 2)! 

(2A + 3) A_!(A+ + 2)! 



(B.13) 



Together with equation ( IB. 101) we find that the S'f/(3) invariant spherical harmonics 
that gives rise to unit normalized operators are given by 



^, (A-)! sin^^ ^ e^^'^^ '^)(cos d 



1a,p(^i,6) - y (2A + 2)!(A_ + 2)! 
The first few properly normalized harmonics with p = are given 
yi,o(?9i) = ^(-l + 2cosi9i). 



(B.14) 



by 



o(^9i) = — \= (-1 - 10cos?9i + 15cos2^?i) , 
12^10 ^ ^ 



(B.15) 



y3,o(?9i) = — \= (3-6 cos di - 21 cos^ di + 28 cos^ 
16v35 
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These spherical harmonics can be used to write down the SU{3) invariant chiral 
primary operators. As mentioned in Section |2l the unit normahzed chiral primary 
operators with vanishing U{1)b charge are given by f l2.70p 



(4vr) 



(B.16) 



Using the embedding coordinates in ( IB.ip . the harmonics in (IB.ISP give the first few 
unit normalized SU{?>) x U{1)b invariant operator^ 



27r 



Tr 



(B.17) 



-Tr 



While it is no harder to write down the spherical harmonics with non-zero U{1)b 
charge pk, the corresponding gauge invariant local operators are rather subtle objects. 
The analog of ( IB. 161) for non-zero p will have a different number of and C\ fields and 
cannot be trivially traced over. The rigorous definition of the corresponding operator 
requires us to include an 't Hooft operator carrying p units of magnetic flux. This 
object transforms in the pk symmetric product of the bi-fundamental of U{N) x U{N) 
and can soak up the color indices on the extra pk fields. Unfortunately, it is not known 
how to write them down in general. 

Still, given that all our classical configurations are made of commuting matrices 
and that the gauge symmetry is broken — and being a bit cavalier — we can try to 
write down the relevant operators. For example, in the case when A = pk/2, using 



that Pr 



1 the properly normalized spherical harmonics are 



(B.18) 



The operators with A = pk/2 are then of the general form 



O 



pk ~ 



(47r)P'=/2 

Xpk/2 



l\pk 



(B.19) 



^^Note that the index / sums over all directions, including 1, and all monomials should be sym- 
metrized. 
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C String Theory Description 



For completeness we present here the M2-brane solution of Section 13.21 also in type 
IIA string theory language where it is replaced by a D2-brane. In this case the string 
background is given by 

dsLing = {dslds, + 4c?4p3) • (C.l) 

For the AdS^ metric we take the same metric as before (13. 2p . We describe CP^ = S'^ /S^ 
by taking the metric (13. 8p . isolating the overall phase (13. 6 p 

( = ^(6 + 6 + 6 + ^4), (C.2) 

and defining three other phases as differences of the ^j. Then the metric on 5*^ is 
realized as a Hopf fiber over CP'^ 

dsg7 = rfscp3 + {d( + u)^ , (C.3) 

where du is the Kahler form on CP^. 

In addition to the metric, the supergravity background has the dilaton, and the 
two-form and four-form field strengths from the Ramond-Ramond sector 

e'* = ^, F, = lR'nAds,, F2 = kdu. (C.4) 
k'^ 8 

Here ^^AdSi is the volume form on AdS4^. As in the M-theory description, for the 
three-form potential we take 

C3 = In^'icosh^ u-l) QAds, A # . (C.5) 

o 

This string theory description is valid in the regime 

A>1, P>iV. (C.6) 

The M2-brane solutions are contained within an S'^fLk C S"^ /Zk and likewise for 
the D2-branes we take = w'^ = which gives a CP^ C CP'^. Parametrizing it by 

w =sm-— e 2, =cos-— 6 2, (C7) 

gives 

1 k 

dslpi = -{d^l + sin^ A dif^) , Ci = -(cos^^i ^ l)rfv? , (C.8) 
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where F2 = dCi and the choice of sign in Ci corresponds to two different gauges with 
the Dirac string at oposite poles. Note that because of the factor of 1/4, the radius of 
AdSi and of 5*^ are equaL 

Like the M2-brane, the D2-brane will occupy an AdS2 x G AdS^ where we may 
parameterize AdS2 by either (13. 3 p or (13. 4 p and the calculation goes through identically. 
The C AdS4^ is parametrized by and we allow the angle if on CP^ to vary with 0. 
In principle u and should be functions on the world- volume, though from symmetry 
arguments we expect them to be constants. 

The action includes the Dirac-Born-Infeld piece and the Wess-Zumino coupling 



'02 



Td2 j e"*Vdet(f7 + 27ra'F) - Td2 J [PlC;] + 2ma' P[Ci] A f] . (C.9) 



Here g is the induced metric on the world-volume and F is the gauge field. The vortex 
may carry electric flux, which by symmetry is proportional to the volume form on 
AdS2, F = EQAdS2- Being an electric fleld in a theory with Euclidean signature, E 
is imaginary. -PfCa] is the puUback of the Ramond-Ramond three- form potential and 
P[Ci] that of the one- form. The last term comes with an i again due to the fact that 
we are in Euclidean signature. 

Plugging our ansatz in we flnd 

iSd2 = —3 — [ ^AdS2 d(p \l (cosh"^ u + r^i^^^) (sinh^ u + ip"^ sin^ ^Di) 

(C.IO) 

cosh^ u + 1 — i(f tE(cos "di — 1) 

with r = Snk/R^ = -^/ifX (setting a' = 1) and in our conventions Td2 = 1/ (47r^ 
The equation of motion for u leads to the two possible values of E 



1. zrF = cosh u-y/ 1-02 51^2^^^ iS^Al] 



2. zrE = coshny4(l - 02sin2^^^) _ 3pQgj^2^_ i<^.Vl) 

Only the flrst of these two solutions seems to be related to the vortex loop operators 
and is the analog of (I3.14p . 

Concentrating on ( IC.lip . the -dx equation of motion again has two solutions. The 
flrst one has = 0, in complete analogy with (I3.16p . This solution preserves 12 
supercharges and is the string theory dual of the 1/2 BPS vortex loop. 

The other solution has 

= ±1 , ZT-E" = =F cosh u cos "i?! . (C.13) 
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This is the analog of the M2-brane solution fl3.17p and preserves eight supercharges. 

Note that for both the 1/2 BPS and 1/3 BPS solutions the values of u and of "^i 
are free parameters, not constrained by the equations of motion. 

The gauge field is a cyclic variable and the flux through the brane is proportional 
to the conjugate momentum 

p = -27rz ^ = ±2n'kTn2 = ±^ • (C.14) 
or I 

This flux should be integer quantized, which happens only for even k. This is the string 

theory manifestation of the fact that a single vortex loop operator is not well defined 

for odd A;@ 

To summarize, the most general D2-brane solution has the following parameters: 
u, i?!, (yjo, where = y^o =t and since the world- volume has a compact direction we 
can have a holonomy for the ?7(1) gauge field around it A^. They are related to the 
parameters of the 1/3 BPS vortex loop operator by fl3.29p 

sinh^« = ^l^±lM, tan^e--o = ^, A, = a. (C.15) 

Finally we evaluate the action on this classical solution. As is explained in [23], the 
action as it stands will not give the correct classical value, since it is a functional of 
the electric field. The action should be a functional of the conserved quantity which 
gives a good variational problem. This is the flux conjugate to the gauge field, namely 
•p. We therefore have to perform a Legendre transform 

5l.t. =5-z \ ^F. (C.16) 
J 27r 

For the solution of interest (IC.lip . the action is proportional to the volume of AdS^- 
In the case of the circular loop operator the regularized area is — 27r and we find 

^classical ^ J ^^,3, # = " ^ = ^^V^' (^-l^) 

Exactly as in the M-theory calculation (I3.23p . 



D Super symmetry of Brane Solution 

In this appendix we show that the M2-brane solutions presented in Section [3] indeed 
preserve 1/2 and 1/3 of the supercharges. 

^^Note also that due to the existence of 't Hooft operators, the electric flux is defined only modulo 
k, which is manifested here in the two gauge choices for Ci (jC.Sp . 
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D.l Killing Spinors 



To check the supersymmetries preserved by the brane solution we need an exphcit form 
of the Kilhng spinors on ^^5*4 x S"^ jTL]^. For the AdSi^^ part we take fl3.2p but with the 
AdS2 factor being global Lorentzian AdS^ 

ds\^g^ = dv? + cosh^ u [dp^ — cosh^ p dt^) + sinh^ u dcfP' , (D.l) 

For S'' we take CT . 

We choose the elfbeine to be 

e° = — cosh u cosh ndt , = — cosh udp , (? = —du , = — sinh u dch , 
2 ^ 2 2 2 



3 = — dt/i , e = — cos — , e = — cos — cos — dvs , 
2 2 2 2 2 2 



(D.2) 



e = it sm — a^i , e = /t cos — sm — , 

e = K cos — cos — sm — ctf 3 , = K cos — cos — cos — dtd . 

2 2 2 2 2 2 

The Killing spinor equation in this background can be written as 

Due = ^TTAfe (D.3) 

where the index M runs over all 11 coordinates, and 7 = 7°^^'^. Note that small 7 have 
tangent-space indices while capital F carry curved-space indices. 

The Killing spinors that solve this equation are [551 E] 

eo is a constant 32-component spinor and the Dirac matrices were chosen such that 
70123456789^ = 1. A similar calculation in a different coordinate system was done in [55] . 

Recall that the angles C,i have period 27r up to the orbifold, which acts on all 
by — + 211 /k. We have to check whether the Killing spinors are invariant under 
this action and survive the orbifold projection. To do this it is convenient to write the 
spinor eo in a basis which diagonalizes 

ilAi(-o = sieo , z758eo = S2eo , ^769eo = ^sCo , ^TT^eo = -5460 . (D.5) 

All the Si take values ±1 and by our conventions on the product of all the Dirac 
matrices, the number of negative eigenvalues is even. Now consider the orbifold action, 
the Killing spinors transform as 

Meo Me'^^'^+'^+'^+'^ho . (D.6) 
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This transformation is a symmetry of the Kilhng spinor when two of the Si eigenvalues 
are positive and two negative and not when they all have the same sign (unless k = 1 
or k = 2). The allowed values of the Sj are therefore 

^^^'^^'^^'^^^n (-,+,+,-),(-,+,-,+),(-, -,+,+)/• ^^-'^ 

Each configuration represents four supercharges, so the orbifolding breaks 1/4 of the 
supercharges (except for k = 1,2) and leaves 24 unbroken supersymmetries. 



D.2 Projector Equation 

The supersymmetry projector equation associated with an M2-brane with world-volume 
coordinates t, p and (p is given by 

dtX'' d^X"^ Tmnl e = e, (D.8) 

where M, N, L are target-space coordinates and C is the Langrangian of the mem- 
brane, without the Wess-Zumino term. 

The M2-brane ansatz involved motion on a subspace of S^/Z^, which for conve- 
nience we take here to be that with -di = '^2 = ^ (instead of 'i?2 = tt as in Section IX^ . 
The remaining coordinates can be defined as C = 1(^3 + C4) and Lp = ^3 — ^4, which 
were both functions of 0, and ■i? = -i^s is a constant. The projector equation becomes 



7oi 



^sinhM73 + 7^ ^^Ce a^sn _ e^'^^i^^ e = coshw e . (D.9) 



Using the relations 

M-^ 701^ e^^^'^ M = AB-^ e-|(776 ±79i) 5 ^^^^ ^ 
A = M^^ e-''"'^^ M = coshn-sinhn7W"Soi3A^, (D.IO) 

B = el(53769+C477[l) 

the projector equation multiplied from the left by can be repackaged as 

A ^1 - B^^ 0Ce"^^^^'"^^^^ -0e"^^^^'^^'^^ j ^701^^ eo = . (D.ll) 

In the case when = and = 0, this reduces to 

^(l-^C7oib)eo = 0. (D.12) 
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This has solutions when ( = ±k/2, which indeed is the classical solution fl3.16p . This 
is a single condition on eo- Furthermore, note that the projector equation flD.12|) 
commutes with the orbifolding condition (ID.Sp . (ID.7P so for k = 1,2 there are 16 
preserved supercharges, while for general k there are 12. In all cases this is 1/2 BPS 

The second solution fl3.17p has = 1 and a constant (, which for simplicity we take 
to be C = 0. In that case fID.lip gives 

a(i + e-f (^69-77^) £-1(776 +79^) e|(769 -77h) ^^^^ j eo = , (D.13) 
which can be rewritten as 

1^(2 + (701^ - 72369) + (cos^9 + Sin ^9 79^ e^^^^^"^^^) ) (701^ + 72359)) eo = . (D.14) 
One way of solving this equation is by imposing the two conditions 

72369 eo = -7oih eo = eo . (D.15) 

Note that as before we have to take a specific eigenvalue for 701^ (here with the opposite 
sign) and now also for 72369, which relates the motion along the if circle with 0. The 
two conditions together give 

769 eo = -77i eo . (D.16) 

This is represented in the basis fID.Sp as S3 = — S4. Of the six possible combinations of 
signs in flD.7p . four are allowed 

(Sl, S2, S3, S4) G |( + , -, +, -) , ( + , -, -, +) , (-, +, +, -) , (-, +, -, +)}. (D.17) 

Each of the sign combinations represents four supercharges, but the extra condition 
on 7oi^ in (ID.lSp . reduces the counting by a half. Therefore this M2-brane solution 
preserves eight supercharges, i.e. it is 1/3 BPS. 

Let us look for other solutions to flD.14p . where we impose the complementary 
condition 

769eo = 77^eo. (D.18) 

Equation flD.14p now becomes 

(1 + e'^^^'^ 701^^0 = 0. (D.19) 

These two equations commute, so it would seem that this brane solution has more than 
eight preserved supercharges. Note however that unless •& = 0, equation ( 1D.19P does 
not commute with 759 and 771,, so the solutions will mix the states with eigenvlues 

(si, S2, S3, S4) e {(+, +, +, +) , (+, +, -, -)}. (D.20) 
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and likewise the two possibilities with si = S2 = — 1. Therefore equation flD.lOp has 
no solutions (for 7^ 0) on the subspace of states (ID.7|) preserved by the orbifold, for 
k > 2. For k = 1 and k = 2 the states with all positive or all negative Si are allowed 
and there are eight more solutions to the projector equation. Together with the above 
there will be a total of 16 supercharges, so for /c = 1, 2 it is 1/2 BPS, just like the 
solution with = 0. 



E Supergravity Modes on AdS^ x S^/Zj. 

In this appendix we present the necessary ingredients of the fluctuation spectrum of 
eleven dimensional supergravity around the AdS^ x S^/Z^ vacuum that are needed 
for the calculation of the correlation functions of the vortex loop operators and chi- 
ral primary operators in the probe approximation in supergravity, as performed in 
Section 13.41 

The required formalism of the fluctuations around the AdS4^ x S"^ supergravity 
background were developed in [25l [26l [27] of which we follow mainly [27] with some 
necessary modifications. 

Using late greek letters /x, z/, • • • for the AdS^ portion of the metric and early greek 
letters a, /3, - ■ ■ for the 5*^ we expand the metric g and three-form C about the AdS4 x S'^ 
background g and C in terms of the fluctuations modes hfj^i,, H^^, hap, n, 5C^i,p and h 
as 

1 9 

V = ^/^^ - 1^9 puT^ , vr = g'^^hap , Hli = -Tr, (E.l) 

C ^yp Cpup ~l~ pup — C pup ^pUpX^ b . 

The fluctuations of the three-form field C^yp were not provided in |27]. Rather, the 
field h was used to parameterize the fluctuations of the dual six-form. Below, in Ap- 
pendix IE. II we derive the expression for the fluctuation of the three-form field given 
above by application of the constraint relating the three-form and six-form fields of 
11-dimensional supergravity and using the approximation (lE.Sp . 



The fields are expanded in a Kaluza-Klein expansion on the S*^, giving for example 
vr(x,y) = Y.7,\x)Y\y), h{x,y) = Y,b\x)Y\y) (E.2) 



A 

:7 



where x are coordinates on AdS4, and y are those on an S of radius 2, so now the 
equations like ( IB.7p are rescaled by 1/4 

v"v^y^ = -^j(j + 6)r^, (E.3) 
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We consider only the modes that survive the projection and whose properties we 
studied in Appendix [Bl They are labeled by two quantum numbers A± or {J,p) such 
that J = + A_ = 2A and A_|_ — A_ = pk. Accounting for the radius of the sphere 
and the orbifold projection, they are normalized by (IB.IOI) 



/ 



2V A_!A,! 



k (2A + 3)! 



5 



AB 



(E.4) 



The equations of motion for the vr^ and fields on AdS^, are mixed and can be 
diagonalized into two mass eigenstates, of which we concern ourselves only with the 
lightei0 one s"^(x) with J > 2 and mass = J {J — 6)/4. Ignoring the contribution 
from the heavier field we may write the modes n^, and H^^ in terms of as 

7J 



4 



(J + 2) 



J( J + 6) 
V^V,. H g^y 



(E.5) 



Finally we note that as in equation (20) of [26], the non-trace piece of the 5*^ metric 
fluctuations are heavier than s^(x) and so we take 



(E.6) 



The quadratic action for the s'^(x) field is given by [27] 
_^^287r4 A_!A+! 2(J + 3)J(J-1) 



A 
X 



k (2A + 3)! 
d'^x^/detg^ 



AdSi 



(J + 2) 

1, 
2 



(E.7) 



where in units where L 



1 

4^ 



(2vr) 



(E.8) 



From this the bulk-to-bulk propagator may be derived (see for example 

6-^^T{A) A;fi:2(2A + 2)!(A + l) 



's^(x 



)s^ix')) 



27r3/2r(A - 1 /2) 2%4A_! A+! A (2A - 1) 
X 1^^ 2i^i(A, A - 1 ; 2A - 2 ; -4W) 



(E.9) 



^^Note that we scaled the form- fields by 1/ \/2 compared to [27j in order to be consistent with the 
standard Wess-Zumino coupling of the M2 brane used here. 
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where W is the geodesic distance between the two points. For AdS^ parameterized by 
ds'^ = {dy^ + dx^)/y'^, it is given by 



W = ^^-^ — —. (E.IO) 

{y ^ y'Y -\- {x — x'Y 

The bulk-to-boundary propagator is then obtained in the usual way by taking y — J- 
while scaling the propagator by l/y^. The correct normalization corresponding to 
unit normalized operators in the dual conformal field theory is the square-root of that 
for the bulk-to-bulk propagator [30] • We therefore have that the bulk-to-boundary 
propagator is given by 

G = cj ^ ^, (E.ll) 

where 

, _ kK^ (A-1)!(2A + 2)!(A + 1) _ (A + 1)P (2A + 1) 

2%ii/2r(A- 1/2) A„!A+!A(2A- 1) A2A_!A+! > 

To write the propagator in the coordinate system fl3.2|] . fl3.3p . we use polar coordi- 
nates ds"^ = dt^ + dr'^ + dcjP' on and substitute in equation (lE.lip y = zj coshw 
and r = ztanhw. This gives the propagator (I3.36p used in Section [3^ 

E.l Three- Form Fluctuation 

In [27j the fiuctuations of the three-form field Cj,^yp which are required for our current 
analysis were not studied. Instead the fiuctuations of the dual six-form were represented 
in terms of a field h 

6C, = e^,...^,pV%. (E.13) 

We derive here the third line of flE.l|) . by using the constraint relating Cq and C3 (see 
[29] for a similar calculation in the context of AdS-/ x 5*^) 

F4 + *i/7 = 0, F^ = dC3, Hr^dCe + ^CsAF^, (E.14) 
where -k indicates the Hodge dual. The Hj field is proportional to the volume form on 

Hj = 3ea,...ar (E.15) 
The fiuctuations of Hj can be written as 

6Hr = d{6C,) = e^,...^,^ V^V.b + e^,...^,VN ph . (E.16) 
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The fluctuations of are then given by (1E.14P 



6F^ = -6{i.Hr) . (E.17) 

This will include the Hodge dual of 6Hj flE.161) and in addition also the variation of 
the measure factor in the Hodge duality acting on Hj. Since has all its indices in 
the 5'' directions, and its dual has all AdS4^ directions, the epsilon tensor relating the 
two scales like ^ydet{g^l,) / det^gafs)- Its variation is 

1 fi 

r ai---a7 — _ ( — h'^^ — __7r ' ('F 1 S^l 

OS — 2 I'^M '^a) ^ /ii-M4 — Ij^^ [tlj.i&) 

Together we flnd (note that the Hodge dual changes the sign of the second term) 

5F, = (y - V^V^fe^ e^,..^, + e^,,,^,, V^V^fe . (E.19) 



In the approximation which identifles b with —2s flE.Sp . the term in parenthesis in 
(IE. 191) can be expressed as 



y TT - V/jfe ^ V"V,6 . (E.20) 
Now we can integrate 6F4 to flnd 

SC^,^,,,--e^,^,,,,Vb. (E.21) 
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